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I. INTRODUCTION

The COVID-19 pandemic led to an unprecedented decrease in economic activity that affected
small businesses in particular (Bartik et al. (2020a)). In April 2020, revenues of small busi-
nesses decreased more than 40 percent compared with January of the same year, and they
were still down 20 percent in August (Chetty et al. (2020)). As a response, Congress created
the novel Paycheck Protection Program (PPP) as part of the larger Coronavirus Aid, Relief,
and Economic Security (CARES) Act. The main goal of the program was to preserve jobs of
small and medium-sized businesses that were substantially affected by COVID-19. In 2020
and 2021, the total volume of loans and grants made through the program was $800 billion.
To speed up the delivery of loans to businesses, the government used financial institutions
to make decisions on applications, but the loans were ultimately guaranteed by the govern-
ment.! This gave banks the ability to target loans to their preferred borrowers, particularly
at the beginning of the program, when the demand for funds overwhelmingly exceeded the
supply.

The empirical literature provides robust evidence of targeting of PPP loans. Granja et al.
(2020), Bartik et al. (2020b), Doniger and Kay (2020), and Joaquim and Netto (2021) show
that the earliest PPP loans were made to larger firms, firms with more preexisting debt, firms
less affected by the pandemic, and firms that would have had a higher probability of survival
without PPP loans. In this paper, we assess what should have been the optimal target of PPP
loans, examine the distortions caused by allocating these loans through the banking system,
and discuss alternative policies that could have been implemented to minimize the misal-
location of PPP loans. Informed by our analysis of the PPP, we also highlight generalizable
lessons for the design and evaluation of other interventions in credit markets.

Our theoretical framework has three agents: firms, banks, and the government. Each firm
faces a random cost shock that must be paid for with its current cash-on-hand and potential
borrowing from the PPP (as in Guerrieri et al. (2020)). Firms know the distribution, but

not the realization, of this shock.? Firms must choose to apply for the PPP and, conditional

IThroughout the paper, we refer to these intermediaries as banks for simplicity.

2This is a reasonable assumption, since the PPP was first introduced on March 27, 2020, long before the
full magnitude of the pandemic was known. For example, a survey of small businesses in Bartik et al. (2020a)
shows that there was substantial disagreement and uncertainty regarding the duration of the crisis.



on applying, the total amount they apply for in the program, limited to a multiple of their
total payroll. Consistent with the empirical evidence of Neilson, Humphries and Ulyssea
(2020) and Bartik et al. (20200), firms that are larger, more profitable, or more affected by
the pandemic and firms with a higher treatment effect of receiving PPP loans are more likely
to apply earlier.

We focus on the optimal allocation of a government that maximizes the number of pre-
served jobs, since the stated objective of the program was to “provide a direct incentive for

small businesses to keep their workers on the payroll.”?

We characterize the optimal alloca-
tion of PPP funds in two steps. First, we focus on the case where the government can choose
how much to lend to each individual firm given the size of the program, which we denote
as constrained first-best allocation. Second, we explore the case where the government must
allocate loans to firms following the rules of the program, that is, only choosing which appli-
cations to approve.

In the constrained first-best case, the optimal allocation targets firms for which each addi-
tional dollar’s marginal effect on the firm’s survival probability is higher. For firms that face
the same distribution of the cost shock, this implies the government finds that it is optimal
to allocate money to firms with low cash-on-hand or high debt levels. On the other hand,
when firms have similar financial conditions but face different cost shock distributions (due
to different sectoral or regional exposure), the optimal allocation across firms depends on the
size of the program. When the program is relatively small, the government finds it optimal
to allocate funds in an inverted U-shaped pattern with respect to shock exposure; that is,
firms moderately affected by the pandemic will be targeted first. Intuitively, allocating funds
to the most affected firms is not cost effective (as those funds could be used alternatively to
save even more firms that are only moderately affected). If, however, the program is suffi-
ciently large, the government will prefer to allocate funds to the firms that are most affected.
This analysis highlights that the target of the PPP is not ubiquitous: It depends on the na-
ture of the shock faced by firms, how big the program is, and in which dimensions firms are
heterogeneous.

When the government can choose only which applications to approve, it is optimal to

3See https://www.sba.gov/funding-programs/loans/covid-19-relief-options/paycheck-protection-
program/first-draw-ppp-loan.
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allocate loans to firms with the greatest difference between their probabilities of survival
with versus without a PPP loan, that is, the firms with the highest treatment effects. In
our model, these firms are those that are moderately affected by the pandemic. Firms that
are expected to be severely affected by the pandemic will likely shut down, while firms not
significantly affected by the shock will likely survive—regardless of the allocation of PPP
loans. Therefore, firms likely to be moderately affected by the cost shock have the highest
treatment effects.

Given the optimal allocation of PPP loans from the perspective of the government, we
study the potential misallocation from deploying these loans through banks. Banks have
incentives that are different from the government’s for two reasons. First, banks have out-
standing loans with firms that will default if those firms do not survive the pandemic. As
a result, banks distort the allocation toward firms to which they already have outstanding
loans. Second, banks potentially lose clients if they reject their PPP applications and face
uncertainty in the forgiveness process.* As a result, banks distort the allocation toward less
affected firms. Both of these effects are consistent with the empirical literature. For instance,
Bartik et al. (2020b) show that approval rates are higher for less distressed firms and bor-
rowers with larger outstanding debt. Together, these effects predict that the program will be
systematically less effective than it would be if loans were allocated through the government.

Finally, we provide an empirical application of our model. First, using an empirical esti-
mate of the effect of the PPP from Joaquim and Netto (2021), we quantify the misallocation
of PPP loans. We find that the program was initially significantly less effective than it could
have been under the optimal allocation, but this difference in effectiveness shrank as more
loans were made. These results are a reflection of the excessive demand for PPP loans early in
the program, when banks played a significant role in the allocation of PPP loans. Second, we
explore a counterfactual in which the government allocates PPP loans. The government in
this counterfactual has less information and operational capacity than banks, and as a conse-
quence cannot optimally target firms and takes longer than banks to implement the program.
We find that if the PPP program included “only" the $349 billion appropriated in the CARES

Act, it would have been better for the government to randomly assign loans across firms than

“This connects our theoretical results to empirical studies on the importance of bank relationships to the
allocation decisions of banks, such as Li and Strahan (2020) and Amiram and Rabetti (2020).



to allocate loans through banks. Additionally, we compute what the misallocation would
have been if the government allocated loans to the smallest firms earlier and find that the
program would have been significantly more effective. This would be a direct consequence
of the smallest firms also being those with the highest treatment effects yet tended to receive
loans later in program (Bartlett and Morse (2020)). Finally, we analyze the optimal size of
the program. Increasing the size of the program to reduce the misallocation of loans would
have been optimal only if the marginal cost of funds were low.

Our paper’s analysis is key to understanding the economics behind not only the large and

novel PPP, but also similar programs that have been implemented (for example, the Italian
Guarantee Fund—see Core and De Marco (2021)) or that may be implemented in the future.
According to Beck, Klapper and Mendoza (2010), loan guarantee programs are the most
widely used type of government intervention in credit markets. Just as some policies were
added to the toolkit of the government following the Great Financial Crisis (for example,
liquidity facilities) and thus were quickly implemented in the COVID-19 crisis, programs
such as the PPP will now be part of this toolkit. Our paper provides a framework for un-
derstanding which firms should be targeted by the government and under which conditions
the program should be intermediated by the banking system versus directly operated by the
government.
Related Literature. This paper joins the growing literature exploring the economic impact
of policy responses to the COVID-19 pandemic, in particular the impact of the PPP. Au-
tor et al. (2020) and Chetty et al. (2020) use the 500-employee eligibility cut-off to run a
difference-in-differences analysis at the firm level. Neilson, Humphries and Ulyssea (2020)
focus on the informational differences among small and large firms in terms of application
and approval rates. Erel and Liebersohn (2020) shows that there is a significant level of sub-
stitutability between traditional banks and fintechs in the PPP. Chodorow-Reich et al. (2020)
study differences in liquidity provision between small and larger firms, showing how the PPP
ameliorated liquidity shortfalls experienced by small and medium-sized enterprises (SMEs),
which have reduced access to credit lines relative to larger firms. Bartlett and Morse (2020)
focuses on firm resiliency and labor flexibility.

Granja et al. (2020), Doniger and Kay (2020), and Joaquim and Netto (2021) provide ev-
idence of regional targeting of PPP loans. Granja et al. (2020) and Doniger and Kay (2020)



show that geographic regions receiving PPP loans earlier are those that were less affected
by the pandemic. These regions saw a smaller decrease in small-business revenue, lower
COVID-19 case counts, and higher mobility levels in early April 2020. Joaquim and Netto
(2021) show that these results are also quantitatively important by controlling for bank-
county fixed effects, that is, by comparing the same county-bank pairs over time.

Bartik et al. (20200) explore the early allocation of PPP loans using a survey of small busi-
nesses. Leveraging previous bank-firm relationships and heterogeneity in PPP processing at
the bank level, Bartik et al. (2020b) show that applications from more distressed firms (for
instance, those with less cash-on-hand) were less likely to be approved, despite large effects
of the PPP on this set of firms. Moreover, banks favored firms with closer relationships to the
bank rather than those in greater distress. A similar conclusion regarding lending relation-
ships is reached by Li and Strahan (2020) and Amiram and Rabetti (2020), who investigate
the connection between bank-firm relationships and access to PPP loans.>

Our contribution to this literature is twofold. First, the empirical literature on the PPP has
so far focused on the observed allocation of PPP loans without—to the best of our knowledge—
assessing the optimal allocation of loans and grants made through the program. For instance,
while the key question in Granja et al. (2020) is, Did the PPP hit the target?; we ask, What
should the PPP’s target have been? Second, a lot of effort has been put into measuring the ef-
fect of the PPP, but less attention has been devoted to understanding what the effect of the
PPP could have been if the program had been designed and implemented differently. We fill
this gap by presenting a model that is consistent with the targeting evidence in the microdata
and that allows us to quantify the misallocation of PPP loans and conduct counterfactuals.

Our paper also contributes to the literature on loan guarantee programs, which are a com-
mon form of intervention in credit markets (Beck, Klapper and Mendoza, 2010). These pro-
grams have been studied from a theoretical (Gale (1990); Gale (1991)) and empirical perspec-
tive (Lelarge, Sraer and Thesmar (2010); Mullins and Toro (2016); Brown and Earle (2017);
de Blasio et al. (2018); Bachas, Kim and Yannelis (2020); Gonzalez-Uribe and Wang (2019);
Julien and Vallée (2020)). We contribute to this literature by assessing the role of financial

intermediaries and how to effectively design public policies aiming to protect employment

>Other PPP-focused studies include Hassan et al. (2020), Elenev, Landvoigt and Van Nieuwerburgh (2020),
Faria-e Castro (2020), Cororaton and Rosen (2020), and Barrios et al. (2020).



in downturns. This is particularly relevant given that there is a significant decrease of life-
time earnings following job displacement when the unemployment rate is high (Davis and

Von Wachter, 2011).

II. TaE PAycHECK PROTECTION PROGRAM

In this section, we describe the Paycheck Protection Program (PPP).® Created on March 27,
2020, as part of the Coronavirus Aid, Relief, and Economic Security (CARES) Act, the PPP
was designed to address liquidity shortages that could lead to employment losses from small
businesses. The Small Business Administration (SBA) oversaw the program. To guarantee a
timely disbursement of funds, firms applied for a loan through qualified financial interme-
diaries.

Through 2020 and 2021, the PPP disbursed loans in two separate draws. The first draw
ran from April 3 through August 8, 2020, and it is the one we consider in this paper.” Given
the PPP’s small-business focus, only firms with fewer than 500 employees were eligible to
apply,® and each firm could apply for no more than one loan in the first draw of the program.
The maximum loan amount was 2.5 times the firm’s average monthly payroll costs in the
preceding year, up to $10 million. PPP loans have an interest rate of 1 percent, deferred
payments for six months, and maturity of two years for loans issued before June 5, 2020, and
five years for loans issued after that date. Moreover, PPP loans do not require collateral or
personal guarantees.

A PPP loan is fully forgiven if funds are used for the specific purpose of payroll mainte-
nance. Originally, to obtain full loan forgiveness, businesses were required to use at least 75
percent of the amount on payroll expenses and to maintain pre-crisis employment headcount
and wage levels. This percentage was reduced to 60 percent after the Paycheck Protection
Program Flexibility Act of 2020 was passed in June 2020. The amount forgiven is reduced

if wages or full-time headcount decreases. Initially, funds had be used to pay for these costs

%This section is based on the analogous section in Joaquim and Netto (2021).

"In December 2020, Congress authorized an additional $284 billion in funding for the program as part of
the $900 billion Coronavirus stimulus package. The PPP started making loans again in 2021, including second-
draw loans for some of the firms that had received a PPP loan in the first draw.

8The exceptions were firms in the restaurant and hospitality sectors (NAICS code 72), which were allowed
to apply as long as they had no more than 500 employees in each location.



over the eight-week period following the disbursement of the loan. This period was eventu-
ally extended to 24 weeks in June 2020.

Each application was processed by financial intermediaries, for example, federally insured
depository institutions and credit unions, which were responsible for checking documen-
tation submitted by applicants. For simplicity, we refer to these intermediaries as banks.
Banks were paid a fee by the government to cover these processing costs. Importantly, loans
from the PPP are fully guaranteed by the government and carry a zero risk weight for the
calculation of risk-weighted assets, with the purpose of minimizing the impact on banks’ cap-
ital requirements. Additionally, Federal Reserve Banks were authorized to provide liquidity
to banks through the Paycheck Protection Program Lending Facility (PPPLF). This allowed
Federal Reserve Banks to extend loans to institutions that were eligible to make PPP loans
using such loans as collateral. Overall, the program was designed to allow a large number
of institutions to process loan requests while minimizing the impact on their balance sheet
structure.

Figure 1 shows the approval date of PPP loans through August 8, 2020, the application
deadline of the first draw of the PPP. The first draw of the PPP was composed of two separate
rounds. The first round of the program ran from April 3 to April 16, 2020. During the first
round, PPP loan demand vastly exceeded supply. We see in Figure 2 that 72 percent of firms
reported applying for the program, but only 36 percent reported receiving a PPP loan at the
end of the first round. This excess loan demand gave banks a significant role in the allocation
of PPP funds. Press accounts in the early days of the PPP show that banks gave preference to
their existing clients and larger firms.’

As a consequence of the enormous demand for loans, the PPP ran out of money on April
16, 2020. In response, on April 24, Congress enacted the Paycheck Protection Program and
Health Care Enhancement Act, which appropriated an additional $321 billion (for a total of
$670 billion) for the PPP. The second round of the program ran from April 27 to August 8,
2020. In May 2020, two weeks after banks had resumed accepting applications, an additional
$176 billion in PPP loans was approved, and by May 15, 95 percent of the funds allocated in
the program had already been dispersed. After that, demand for PPP loans subsided, and we

See, for instance, Emily Flitter and Stacy Cowley, “Banks Gave Richest Clients Concierge
Treatment for Pandemic Aid,” New York Times, April 22, 2020, updated Oct. 11, 2021.
https://www.nytimes.com/2020/04/22/business/sba-loans-ppp-coronavirus.html.
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saw excess supply of PPP loans, which reduced the role of banks in the allocation decision
for PPP loans in the second round of the program. The program stopped accepting first-draw
applications on August 8, 2020, with $144 billion remaining from the Paycheck Protection

Program and Health Care Enhancement Act appropriation.

Figure 1: Cumulative PPP Disbursement over Time ($, Billions)
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Note: Our primary source for data on the PPP comes from the SBA/Treasury release of loans made in the PPP
(February 2021 version). The data set includes information self-reported by the borrower (name, address, Zip
code, NAICS code and jobs supported) as well as loan amount, approval date, and lender name. We analyze
the loans made in the first draw of the program (April 3 through August 8, 2020). No loans were made in the
program from August 8, 2020, through January 11, 2021 (when the second draw of PPP loans began). The date
of a loan is the date of approval (according to the rules of the program, loans had to be disbursed within 10
calendar days of approval). Billions of dollars of PPP loans approved by day, from April 3, 2020, (CARES Act)
through August 8, 2020 (modified deadline for second-round applications). Dashed horizontal lines represent
the cumulative capacity of the program.

In Table 1, we report aggregate statistics of the first draw of the PPP. The program funded
5.147 million loans at a total value of $526 billion. At the end of the first draw of the pro-
gram, the (cumulative) average loan size was around $100,000 for firms that self-reported, on
average, 11.8 jobs supported by the program. Overall, firms reported more than 61.1 million
jobs as being supported (in a universe of 70 million jobs at firms eligible for the program; see
Autor et al. (2020)). Most of these loans were not made by the top four banks (in terms of
2019 assets). Together, these banks were responsible for around 36 percent of small-business
loans (loan size less than $ 1 million) before COVID-19, but they accounted for only 13% of
the amount disbursed in the PPP.



Figure 2: Small Business Pulse Survey: PPP Application vs. PPP Receipt (% of Firms)
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Note: US-level data from the Small Business Pulse Survey (SBPS) collected weekly from April 26 through June
21, 2020). For details, see Buffington et al. (2020). The SBPS was designed to collect real-time information from
small businesses during the pandemic. According to the Census, the target population is “all nonfarm, single-
location employer businesses with 1 to 499 employees and receipts of $1,000 or more.” Data were collected
weekly via email, from April 26 through June 21, 2020, based on the Census Bureau’s Business Register. We
use the state-sector (NAICS2) version of the data. The surveys are adjusted for non-responses and re-weighted
weekly to guarantee representativeness. The blue line denotes the percentage of firms that reported applying
for a PPP loan. The yellow line denotes the percentage of firms that reported receiving a PPP loan.

Table 1: Summary Statistics of the Paycheck Protection Program

Apr-16 May-15 Aug-08

Loan Amount ($, Billions) 322.2 498.4 526.6
# Loans (,000) 1,619.7 4,209.7 5,147.6
Jobs Supported (Million) 33.2 57.3 61.1
Average Loan Size ($,000) 198.96 118.40 102.30
Average Number of Employees  20.5 13.6 11.8
Top-4 Share - # Loans 0.03 0.18 0.17
Top-4 Share - Volume 0.05 0.13 0.13

Note: Data from the SBA/Treasury February 2021 release. Loan amounts (in billions of dollars) and number of
loans (in thousands) cumulated after the start of the program (April 3, 2020). See Figure 1 for details. Average
loan size is the ratio of the cumulative loan amount over the cumulative number of loans. Number of Employees
was reported by the firms in the PPP application. The top four banks (by assets in December 2019) are (i) JP
Morgan Chase, (ii) Bank of America, (iii) Wells Fargo, and (iv) Citibank, N.A.

III. TuaEe OpTiMAL ArLocAaTIiON OF PPP FunDs

In this section, we describe the setting of our model, discuss the optimal allocation of a

program’s funds for the government and the potential misallocation from using the banking
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sector to disperse these funds. °

III.1. Firms

We consider a continuum of firms indexed by j. Each firm has N; workers. We define our
model in terms of per worker variables. Firm j’s cash-on-hand per worker before the onset of

the pandemic and the launch of the lending program is given by Eq. (1)

C]'Ep]'—b]', (1)

where b; represents the firm’s debt payments per worker, and p; is the remainder of the cash-
on-hand. Without loss of generality, we normalize N; such that L.de j = 1. We assume that
applying for the PPP has a fixed cost of F, and firms either choose to apply (a; = 1) or not
(aj = 0) for the program. Each firm also chooses w;, the amount per worker it applies for
from the program, subject to a program limit based on the firm’s current employment level
@N;.

We model the pandemic following Guerrieri et al. (2020). Each firm faces a reduction v; in
cash flow (revenue shortfalls, extra costs to remain open). The per-worker magnitude of the
shock is v;, with cumulative distribution denoted by @ and probability distribution given

by ¢, both parameterized by 7; (we define the specific functional form for the distribution

below). A firm that borrows w; from the lending program can survive the pandemic if
V; < (itw; = I‘](w]),

where [j(w) corresponds to the available funds per worker to guarantee firm survival. We
assume that I3(0) > 0, Vj; that is, all firms across all sectors and regions are profitable enough
before the pandemic to remain open.!! A firm that borrows w; from the PPP wants to survive
the pandemic if

LR_ . .
Vi <Cj-Tgwj+ T = ITj(w;)),

10The basic setting of our model is the same as in Joaquim and Netto (2021). The model we discuss here is
more general and includes an analysis of the optimal allocation of PPP loans.

11 As our focus is on the allocation of funds across firms, it is natural to assume that firms that are not prof-
itable before the pandemic will shut down and won't receive any funds from the PPP.

11



where n]LR is the perpetuity value of long-run profits of the firm, and IT; is the total profit of
the firm (both per worker). We assume that all firms that can survive want to survive—that is,
[ <TI;, V.12 Note that this assumption does not prevent the existence of zombie firms in our
model. It is possible to have firms that are not profitable without PPP funds surviving due to
the program. For example, consider that n]LR =0and rg = -1, such that [; =II; = ¢; + w;. We
can have a firm where ¢; <0 and ¢; + ¢ > v; as long as the program is sufficiently generous;
that is, ¢ > Vi —¢j.
The problem of the firm is given by Eq. (2), where each firm chooses to apply or not apply

for the program (4; € {0, 1}), and the amount to request from the program (w € [0, ¢]) is :

Li(aw)
N; |IT; —v|dD(v; n;). 2
omax N [0 - v ) 2

In Eq. (2), we assume that the firm chooses w; before observing the realization of v;, which is
consistent with the fact that the firm does not know the extent of the pandemic or of its own
exposure to it ex ante, but it knows the distribution of shocks it can face. This is a reasonable
assumption given the uncertainty regarding the depth and duration of a pandemic. For
instance, in a survey of more than 5,800 small businesses, Bartik et al. (2020a) show that
there is substantial disagreement on the expected duration of the COVID-19 crisis across
small businesses, and the reported levels of confidence in their expected duration is low.
We assume in our benchmark model that banks and the government also observe 7; (the
parameter of the distribution) but not v; (the realization of the shock) in the main text. We
solve the version where the government has imperfect information and a limited operational
capacity to disburse loans in Section IIL.5.

For tractability, we follow Guerrieri et al. (2020) and assume that the cumulative distribu-

tion of the fixed-cost shock distribution is given by Eq. (3)

0, if v<0
CD(V:W)= (V)”, if v<c¢ ,with17>0. (3)

2

1, if V> (y

2Lending programs are designed as short-term sources of finance for these firms, such that it is expected
that n]LR > (1+rg)p.

12



The distribution in Eq. (3) has two characteristics that greatly simplify our analysis while
still allowing us to focus on the difference between bank and government incentives. First,
the shape parameter 7 controls the concavity of the cumulative distribution function (CDEF),
and thus we have a monotonic probability density function (PDF), which is increasing if
n > 1 and decreasing if 1 < 1. Second, a distribution with higher # first-order stochastically
dominates a distribution with lower #, making it easier to compare more affected (higher )
with least affected (lower #) firms.

For notation purposes, define a;,w; as the solution to the problem in Eq. (4). Moreover,
we simplify the notation by defining: ®;(w) = ® (F](a)) ; 17]-), which is the probability a firm
survives the pandemic if it receives w from the program.

The objective function of the firm can be rewritten as Eq. (4). The expected profit is
given by the probability of survival multiplied by the expected profit conditional on survival,

subtracting the application cost (if the firm chooses to apply):

ma D (a AL (aw)-E(v;|v; <Ti(a —aF. 4
emax o 0j(aw) [T (aw) - E(v; ] v; < Tj(aw))] (4)
Prob. Survival Expected Profit

In Eq. (4), the problem of the firm is to balance borrowing to increase the probability of
survival with reduced profitability in the future and the application cost. We can solve the
problem in steps. First, consider a firm that has chosen to apply for the program. If the
interest rate rg is too high, then the firm does not want to borrow from the program, as HI-LR
is decreasing and linear in rg, and thus a); = 0. On the other hand, if r5 < 0, as is the case with
the PPP given the implicit grants in the program, then borrowing increases the probability
of survival and increases profits in the future, thus, conditional on applying, w’ = ¢.
Second, a firm applies for the program if the benefits of applying are larger than the fixed
cost F. Firms with more workers (N;) apply more often given a smaller per-worker cost of
applying. This is consistent with the survey evidence in Neilson, Humphries and Ulyssea
(2020), who show that small businesses were less likely to be aware of, and apply for, the
PPP program. To analyze the firm’s benefits from the program, we introduce a key variable
in our model. Let T; be the treatment effect for firms of type j between receiving ¢ or 0 loans

from the PPP as in Eq. (5)
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The variable T; plays a special role, as it measures the expected effectiveness of the PPP
program for each type of firm j. All else being equal, firm j is more likely to apply for
the program if (c; + TZ]LR)T]' is higher, that is, if the increase in expected profits is higher.
However, this is not the only term that affects a firm’s benefit from applying. Applying for
the PPP increases the expected cost to be paid in terms of survival, that is, IE(vj |vi < l"j((p)) >
]E(vj |v; < 1"]-(0)), and the loan will have to be repaid at rg. Putting it all together, firms that
apply for the PPP are those that satisfy Eq. (6), which, using our specific distribution, can
be written as Eq. (7). We define the set of all firms as F and the set of firms that apply as
A= { jl a}f = 1}. First, we will analyze the optimal allocation for the government outside the
rules of the program across all firms, 7. Then, we will focus on the differences between the
government and bank allocations under the rules of the program for firms that do apply, A.

All proofs and derivations are in the appendix.

Firm’s Choice in the PPP. If r; <0, then all firms apply for the maximum amount of PPP funds;
that is, w; = ¢. Firms apply for the PPP (a; =1)if:

T1(0) - TE[v; 1 v; € [50) T ()] - @(prep > 1 (6)
]

For the distribution in Eq. (7),

Tj—q’j(fp)( i +rc)¢>§- (7)

¢+ R
17]'+1 j

1
17]'+1] J

Dynamics and Timing of PPP Allocation. Our model of the PPP is a static model where we
ask which firms should receive PPP funds. However, given the massive size of the program, a
lot of the variation in PPP disbursements came from not only which firms received PPP loans,
but also when those loans were received (see Doniger and Kay (2020), for instance). Most of
our results can be easily extended for the timing of allocations. If we assume that neither
firms’ ability to survive nor treatment effects change over time, the problems are equivalent.

More broadly, we can assume that firms’ ability to survive and treatment effects change over
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time but do so proportionally for all firms, and our results of who should get PPP loans
easily translate to who should get loans earlier in the program. Thus, we implicitly assume

throughout our paper that if there is any time variation, it is of the form!?

D; (@) = ag(t)Pj(¢) and T;, = ar(t)T;, (8)

and thus our results in terms of the allocation of PPP funds can be readily translated in terms
of allocation timing. We come back to this discussion in our quantitative exercise in Section

IV.

I11.2. Constrained First-Best Allocation

Our first theoretical result is based on the problem of the government when it can choose the
amount a)]G per worker to lend to each firm. The objective of the government is to maximize
the number of preserved jobs. Since there is no intensive margin adjustment at the firm
level (such as downsizing), we model this objective as maximizing the number of surviving
jobs. The government observes the types of firms j but not their actual realization of the
pandemic shock, so we denote the solution of this problem as the constrained first-best, since
the government is constrained by its information set.

We show that the government wants to allocate funds to where the marginal effect is the
highest, which does not necessarily correspond to the places most/least affected by the shock.
The marginal effect depends on the shock distribution, the size of the program, and the ini-
tial financial condition of the affected firms. The optimal target of the lending program thus
is neither obvious nor invariant to the nature of the economic shock (as more information
on the depth of the pandemic becomes available). For instance, if the shock for a firm (or
region/sector) is large enough, the government does not always find it optimal to save this
firm, as the opportunity cost of not allocating these funds to other firms is too high. Our an-
alytical results below formalize this intuition and characterize what is then the government’s
optimal allocation.

Let the total amount of loans in the program be denoted by M. The problem of a planner

I3For some of our results and our quantitative exercise, we could have a weaker assumption that time does
not change the ordinal relation among the T’s. We opt for the stronger assumption in our paper for simplicity.
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who aims to provide a direct incentive for small businesses to keep their workers employed

is given by Eq. (9):
?%TJNj-q)[l}(wf)lﬂj] dj s.t. JNj-a)J-G dj =M. (9)
“j

We denote the solution to the maximization problem in Eq. (9) by the constrained first-best
(CFB). The constrained first-best solution is to allocate funds to where their marginal effect
is higher, that is, where the marginal dollar will increase the probability of survival of firm j
the most.

In this section, we separately compare firms with the same shock exposure (1) but het-
erogeneous financial position first, and then firms with the same financial position (c;) but
different shock exposures. The motivation for this approach is twofold. First, it highlights
the key channels of the PPP allocation in our model for different sources of heterogeneity
across firms. Second, it speaks directly to the empirical literature that generally tries to con-
trol for either of these factors (with firm controls, fixed effects, etc.) and focus solely on one
of them at a time (for instance, in Bartik et al. (20200)). Our main analytical result of this
section is Lemma 1, which considers the case where <1, Vj, that is, where all firms face a

concave distribution of the pandemic shock.

Lemma 1. Constrained first-best allocation with 1 < 1. Let 1 < 1,c= IJ.N]-cjdj >0, and c
is sufficiently large.'* The solution to Eq. (9) entails an equal gain in the probability of survival

across firms, that is, for firms i, j
o[ (wf)]=o[r(w)]- vii (10)
Using the distribution in Eq. (3), we have that
Njw]G’*:Nj”c(qj,M)+M—[Njcj—E], (11)

where M = M +¢, ' and ©(1, M) is an exposure-based per-worker transfer that sums to zero; that

14We assume that ¢ is sufficiently large to focus on the interior solution of the problem of the government.
A sufficient condition for this interior solution is ¢y > M + 7.

5This is the relative size of the program. M represents the total funds to be allocated, and ¢ represents the
financial conditions of the firms at the onset of the shock.
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is, f].NjT(qj,M) = 0. Furthermore, we have that:

« M small—t(1, M) is inverted U-shaped in 1 = funds should flow to intermediately affected

firms.
« M large—(n, M) is strictly increasing in y§ = funds should flow to most affected firms.

Lemma 1 implies that for two firms i, j with the same shock exposure 7; = 7;, we have
that Nja)]G'* —Nia)iG’* = Njc; —Njc;, while for two firms with the same financial position ¢; = ¢;,
we have that N]-a)]c’* - NiwiG’* = NjT(q]-,]\_/I) — N;(17;, M). Intuitively, Lemma 1 shows that (i)
the optimal policy maximizes the marginal probability of survival across firms (Eq. (10)),
and (ii) this can be decomposed in the cash flow needs of firm j relative to the average cash
flow needs in the economy and a transfer based on the size of the program and exposure
to the shock (Eq. (11)). Therefore, firms in a more fragile financial situation (as are small
firms) would receive more funds from the PPP. Moreover, if the relative size of the program
is large, the government can allocate enough funds to the most affected firms to significantly
increase their probability of survival. On the other hand, if the program is relatively small,
the government must focus on firms that are intermediately affected by the pandemic. Firms

that are strongly affected would cost too much to save, if it were even possible to save them

with a high probability, while the least affected firms could likely survive without PPP funds.

Sectoral/regional allocation. Our result in Lemma 1 is also useful for analyzing the optimal
allocation of funds across different sectors and regions in the country, as there is evidence
that the funds did not flow to the most affected regions (Granja et al. (2020)). The result
that optimal policy will equate the marginal probability of survival across firms in Eq. (10)
is still true for the marginal probability of survival across sectors and regions. For instance,
if different sectors have different initial levels of debt per worker, sectors with relatively
more debt per worker should receive more of the funds, since the probability that a firm
in this sector survives the pandemic absent the government program is small, hence the
marginal effect of funds on survival probability is large. However, if sectors or regions have
shocks with different distributions (that is, different exposures to the pandemic), the optimal

transfers across sectors are given by 7(7;, M) and shouldn’t necessarily go to the most affected

sectors or regions.
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Other cases. In Lemma 1, we focus on the case where 7; <1, Vj. In Appendix C.1, we
show in a simple example that when #; > 1, the problem of the government is convex and
the solution is to allocate funds to either the firms with the lowest or highest 7 or #; that
is, the government is indifferent to the choice between allocating funds to the least or most
affected firms as long as all of the funds flow to either. More generally, take any distribution
T(n]- +w; | Qj) parameterized by 0;. We show in Appendix C.2 that the government should
allocate money to the highest 6; (most affected) if Y is supermodular in w, 0 (and to the least
affected if it is submodular). Overall, this shows that the optimal target of PPP funds depends

on the benefit of the marginal dollar rather than the funding needs of each individual firm.

III.3. Optimal Allocation of Loans under PPP Rules

In Section III.2, we considered the government allocation when the government can choose
how much to lend to each firm. To make a direct comparison with the bank allocation, we
now focus on the optimal government allocation under the same rules as the bank allocation
in the PPP, conditional on the set of firms that in fact apply for the PPP; that is, j € A. In
this case, the government can choose to accept or reject applications from firms, but it can-
not change the loan allocation at the intensive margin. This problem ensures that we are
comparing the bank allocation with a government allocation equally constrained by the pro-
gram (instead of the constrained first-best), and thus that any difference comes from banks
incentives.

The problem of the government is to choose the probability l]-G €[0,1] to accept the appli-

cation from firm j, as in Eq. (12):

max JNj[zfcp].f((p) (1-16)®] d] s.t. JNlGd]—— (12)
{yefo1]}JA

Distribution of firms/workers in the population. Note that so far we have used the short-
hand notation of dj to represent the integral over the distribution of firms, but we haven’t
defined how types of firms are present in the population. To provide clarity, we discuss what
is implicitly behind this notation. Let G(p, b, 7, N) be the joint distribution of p,b,#, N in the

population of firms. For any variable at the firm level that is not a function of the number of
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employees, x(p, b, 1), we can write:

JNx(p, b,m)dG(p,b,n,N) = Jx(p, b,n)N(p,b,1)dG(p,b, 1), (13)

where N(p, b,n) = jN NdG(N | p,b,17). The term N is the average number of employees of
firms of a given type {p,b,#}, and it acts in our model as a shifter in the distribution of firms
of type {p,b,1}. What matters in our model is not the marginal distribution of firms, but
rather the marginal distribution of the firm variables at the job level. Thus, our model can
encompass various other channels highlighted in the literature that focus on jobs and not
firms. For instance, see the evidence in Bartlett and Morse (2020) of how firm survival varies
by firm size.

As in our model, the treatment effect T] is not a function of Nj, and the resource constraint
is linear in it. The optimal allocation le is also not a function of N;, where dj in this case
represents the integration of all firms of types {b;, p;, 7;};, with the cumulative distribution
of type j given by G(p,b,1) x N(p,b,7). Following the argument in Eq. (13), we can write the

problem of the government as Eq. (14)

max | ISTidj st | 19dj= M (14)
(Sefo1yJa’ J A’ P

where dj in this case represents the integration of all firms of types {b;, p;, 77;}; with the cu-
mulative distribution of type j given by G(p, b, 1) x ﬁ(p, b,n), that is, the job-weighted distri-
bution, as in Eq. (13). The exact same argument can be made for everything that follows in
this paper, thus, in what follows, we leave the dependence on N; implicit.

From Eq. (14), it is clear that the government wants to approve the applications of firms
with the highest treatment effect. The key question is, which firms are those in the case of the
PPP? In the first result of Lemma 2, we show that for firms with the same 77, the government
wants to allocate loans to firms with high levels of debt b; (or low p;) if 7 < 1, and to firms
with low levels of debt b; if 17 > 1. If the shock is likely to be relatively small (n < 1), the
government can try to save the firms that have the lowest probability of survival, which are
those with high levels of debt per worker (ceteris paribus). On the other hand, for shocks

that are most likely large, the government prefers simply to allocate the loans to firms with
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relatively low levels of debt, as those are the ones the government can still save in the face
of the pandemic. The insight here is that the treatment effects are a joint product of firms’
financial positions and the nature of the shock distribution, and thus they do not have a

distribution or model-free ranking.

Lemma 2. Government PPP allocation.

Debt heterogeneity. Consider that all firms in the economy are equal except for their level of debt
bj; that is, cj=c> 0, and nj=1. The solution to Eq. (14) implies that 3!b* such that: (i) for n <1,
l].G =1ifb; > b*C and l].G = 0 otherwise, and (ii) the opposite for > 1.1°

Shock exposure heterogeneity. Consider that all firms are equal except for their shock exposure
1js that is, cj=c> 0. The solution to Eq. (14) implies that 3! ﬂG’ﬁG such that the government

chooses l]-G =1lifn;€ [QG,ﬁG] and l]-G = 0 otherwise.

In the second result of Lemma 2, we show that for firms with the same financial position Cj»
the government wants to allocate loans to firms with intermediate exposure to the pandemic
shock. This result involves the same intuition as the case where M is small in the constrained
first-best. The most affected firms won’t survive with the extra ¢, while the least affected
firms will likely survive regardless, such that ¢ is too much to allocate to them. Here, con-
trary to the constrained first-best, this is not a function of the total size of the program, M,
since the amount at the intensive margin that the government can allocate to each firm is

fixed. This second result of Lemma 2 is shown pictorially in Figure 3, where we compare the

optimal allocation of the government with that of the private banking sector.

III.4. Banks Optimal Allocation

We now focus on the private banking sector allocation in the PPP. As in the government
optimization problem Eq. (12), banks can choose to accept or reject applications from firms
to maximize their profits. We focus on the problem of a single representative bank. For a
model with multiple banks and bank heterogeneity, see Joaquim and Netto (2021).

Banks receive positive profits from making more loans and thus will make as many loans

as possible in the program. If the bank accepts a PPP application, there are two possible

16Note that b*C is different if 7 is < or > than 1. Moreover, for 16 = b6, the government is indifferent

regarding the allocation. As there is a continuum of firms, the allocation to this specific set of firms is irrelevant
at the aggregate level.
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scenarios. If the firm survives, the bank recovers bj of the current loan payments and a
present value of ¢pb; from potential future loans to this firm. If the firm does not survive,
the bank receives a share 6 € (0,1) of the current payments and no value from potential
future loans to this firm. The same two scenarios are possible when the bank rejects the
PPP application. However, we additionally assume that if the firm survives after having
its application denied, there is a probability 1 < 1 that the firm switches bank providers.!”
Additionally, to incorporate potential uncertainty regarding loan guarantees, we assume that
with probability g the bank has to face the costs of the PPP loan, a concern for some banks in
the pandemic.'®

Let lft € [0,1] be the choice of a bank to approve the application of a firm. The profit Hf

per firm j a bank receives is

nfit:{®;t<<p>[1+¢p]+[1—cbf,t(qz)]( (1+ ) - q”)}b 15+
]
{@F, (0)[1+ (1= p)pr] + [1 -] (0)] (1 + )} b;(1 - 1)

= ijt + constant,

where

Q; = T;[(1-0)bj + prb; + 9|+ 0; [pcwrb; + 9] (15)

The problem of the bank is given by

max fQ dj s.t. Jlej:M. (16)
(1Pelo,1]) Al P

The misallocation in our setting comes exactly from () j* Tj, that is, the difference between
the treatment effect and profits from allocating PPP loans to a given firm. In our setting,

there are two channels through which profits of the banking sector deviate from the objective

17For instance, see Peter Rudegeair, “When Their PPP Loans Didn’t Come Through These Businesses Broke
Up with Their Banks,” The Wall Street Journal, July 31, 2020. https://www.wsj.com/articles/when-their-ppp-
loans-didnt-come-through-these-businesses-broke-up-with-their-banks-11596205736.

18For instance, on March 31, 2020, the Treasury and the SBA released guidelines for lenders, including one
that said banks would need to verify some of the borrowers’ information for the loan to be eligible for forgive-
ness. See Zachary Warmbrodt, “Banks Warn of Chaotic Launch of Small Business Lending Program,” Politico,
April 2, 2020. https://www.politico.com/news/2020/04/02/banks-small-business-lending-program-launch-
161106 These guidelines were eventually revised several times, inducing even more uncertainty for lenders.
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function of the government. We explore analytically these channels in Lemma 3. First, the
banking sector already has a heterogeneous exposure from firms that have outstanding loans
and potential future loans to be made to this firm, which is captured by b;(1 - 6). Everything
else being equal, this implies that compared with the government, banks allocate loans to
firms with more pre-shock debt per worker.!? This result is consistent with the empirical
findings in the literature. In particular, Bartik et al. (2020b) show that conditional on the set
of firms with a relationship with a bank (at the extensive margin), banks approved more loans
to firms with higher preexisting debt with those banks at what the authors call a “striking
magnitude." In comparison with the results in Lemma 2, this incentive to allocate loans to
more indebted firms generates a misallocation whenever n < 1, because when 1 > 1, it is
optimal for the government to allocate PPP loans to firms with the highest pre-pandemic
debt levels.

Second, banks are also concerned about the probability of survival of the firms CI)].r (0), as
those are clients that might switch banks if they don’t receive PPP loans or have loans that
are not forgiven due to uncertain rules of the program. This implies that, everything else
being equal, banks allocate loans to firms with a higher probability of survival without a PPP
loan. This incentive can be particularly perverse for the effectiveness of the program, since
the firms that do receive loans are exactly those that could survive without the loans. In the
second result of Lemma 3, we show that the banking sector distorts the optimal government
allocation toward firms with lower 7’s and thus a higher probability of survival without a
PPP loan. We illustrate this second result of Lemma 2 in Figure 3. Intuitively, this result
comes from the second term of (); in Eq. (15), that is, the fact that banks also derive larger
profits from firms that have a higher probability of survival ex ante. This result is also con-
sistent with the evidence in the empirical literature, which finds that banks accepted more
applications from less distressed firms. For instance, Joaquim and Netto (2021) use the Small

Business Survey data to show that firms that reported experiencing a revenue decrease in the

"Note that under the conditions of the first part of Lemma 3, Q j is strictly increasing in b;. However, if
we take into account that b; can also enter into the probability of survival without PPP loans, ®;(0), we can
show that )} is hump shaped in b;. This means that compared with the government allocation, banks want
to allocate loans to firms with more debt but not necessarily to firms with the highest levels of pre-pandemic
debt, as the probability of survival for some of those firms is too small. We opt here for the simpler statement
of Lemma 3, as it captures the channels we want to highlight and is consistent with the empirical evidence in
Bartik et al. (20200).
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COVID-19 crisis were more likely to apply for, but less likely to receive, a PPP loan in the first
round. The effects are quantitatively large. At the NAICS state two-digit level, an increase of
1 percentage point in the share of firms experiencing a revenue decrease is associated with a

0.25 percentage point increase in the gap between PPP application and receipt.

Lemma 3. Banks PPP allocation.
Debt heterogeneity. Consider that all firms in the economy are the same except for their level of

debt b]-; that is, ci=¢ and nj = 1. The solution to Eq. (16) is such that banks give preference to

firms with higher bj, that is; z;'B =1ifb>b"B.
Shock exposure heterogeneity. Consider that all firms are the same except for their exposure 1);.

. . . — %, B ) —
The solution to Eq. (16) implies that 3! ﬂB’”B such that the bank chooses lj =1lifn; e [ﬂ,q] and
* B _
"=
firms with a higher probability of survival without a PPP loan.

0 otherwise. Additionally, Ny <M. and 1 <7 ; that is, banks distort the allocation toward

Figure 3: Credit Allocation under the PPP for Firms with Heterogeneous Shock Exposure
(17;): Government (blue, solid) vs. Banks (red, dotted)

Share of firms

(SN

1 g s g
Note: This figure is the pictorial representation of Lemmas 2 and 3. The solid blue rectangle is the government
allocation. The dotted red allocation is the banking sector allocation. The 7/5’s are the lower and upper bounds

of the regions/sectors for the government, and the #p’s are those for the banking sector.

III.5. Asymmetric Information and Capacity Constraints

In the benchmark version of our model, banks and the government have the same informa-
tion and same ability to disburse loans. Therefore, there is no reason for the government
to intermediate the allocation through the private banking system. We therefore augment

our model so that banks have more information and can disperse loans more quickly than
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the government, the reasoning behind the program’s use of the banking system (Bartik et al.
(2020b)).

First, we introduce differential information between banks and the government. We as-
sume that the government observes the true treatment effect for a share of firms and a ran-
dom treatment effect for the remaining firms. Importantly, we do not need to say which
part of the terms of the treatment effect the government does not observe (that is, if it is
the firms’ financial position or their probability of survival); instead, we say simply that the
government does not observe the true treatment effect, which is a sufficient statistic for the
allocation in our setting. Mathematically, let H(T) denote the distribution of treatment ef-
fects T; in the population. Suppose that the government observes for every firm j a signal T]
of the true treatment effect T;. The signal is given by T] = T; for a share p of the population
and Tj for a share 1 -y, where Tj is independent of T; but has the same distribution. Note
that T] and T] have the same distribution, which we denote by H.

Second, we introduce the operational capacity distortion. We assume that until the gov-
ernment can create a disbursement system, a share 1 —: of firms will have faced their shocks
v; (independently of their signals) such that their treatment effects will be zero; that is, either
the firm has already survived with no PPP loans or the firm has not survived.

Let Hj;(jls) be the distribution of T; conditional on signal T; (that is, T] = T;). The gov-
ernment now chooses an allocation [C for each signal s. Let the expected average treatment

effect of firms with signal s, T, be given by:

ETE, = ftﬂde|s(j|s).
J

Our information structure implies that ETE; = (1 —u)iT + uiT,. Therefore, the problem of the

government can be written as:

maxJTslde(s) s.t. jlde(s): M (17)
1€y Js s ¢

Note that the problem in Eq. (17) is the same as the problem in Eq. (14). Therefore, the
allocation of firms with signal T; is the same as the allocation for type j with treatment effect

T; in Lemma 3. Our main result of this section is Lemma 4. We show that there is a decreasing
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curve in the y - 1 space such that if the government has sufficient information (high y) or the
delay cost is sufficiently low (high 1), then the government prefers to allocate PPP loans itself.
In the next section, we use our results from this section to compute the delegation versus

misallocation frontier at different moments during the program.

Lemma 4. Delegation versus misallocation: efficiency-information frontier. Let 1"(u) be

given by

0o -1
v(p) = [(1—#)T+VJ; Tjdjl W, (18)

where Wy = fjl;’BTjdj is the welfare from the optimal bank allocation. We have that (i) 1*(u) is

decreasing in p and (ii) ¥V {p, 1} s.t. 1 <1*(u), the government prefers to allocate PPP loans through
banks.

IV. EmMPIRICAL APPLICATION

In this section, we provide an empirical application of our model. We extend our model
to account explicitly for PPP timing and provide the welfare definitions we use throughout
this section. Next, we discuss how we recover firm treatment effects from the empirical
estimates of the treatment effect T;’s in the PPP from Joaquim and Netto (2021). Finally,
we report our results. We compute the misallocation due to the allocation of loans through
banks, characterize the efficiency-information frontier from Lemma 4, and consider feasible
alternative policies: (i) random allocation of PPP loans across firms and (ii) a policy targeted
at the smallest firms.

PPP timing and welfare. So far, our model has focused explicitly on which firms receive
PPP loans at a given moment in time. Now, we take into account PPP timing in our welfare
computation. For that, we include a discount factor in the welfare function of the govern-
ment. This discounting is a reduced-form way to capture that, ceteris paribus, the govern-
ment prefers to allocate loans earlier to firms. For instance, this could capture the channel of
Barrot and Nanda (2020), who show that accelerated payments to small businesses increase
employment at the firm level. Alternatively, this discounting term captures an overall loss in
efficiency from late implementation of the program (our ! in Section III.5).

Mathematically, let [; ; = 1 if firm j receives a loan at time . The welfare of the government
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from allocation = {l; ;}; ; is given by

W=)_(1-g) | 1,mdj (19)
t ]

where & € (0,1) is a discount rate. We calibrate & =.0037 to match the evidence in Barrot and
Nanda (2020) that finds a 5.7 percent increase in employment for a payment of 100 percent
of payroll 15 days earlier. This value of £ implies that a loan allocated to a firm 30 days later
is worth approximately 90 percent of a loan allocated today. Our misallocation measure of

an allocation I relative to the government optimal allocation I*© will be given by

W(l) -W(1*%)

1,1"%) =
M( ) W(l*’G)

(20)

We interpret M(1,1*C) as a reduction in program effectiveness. For instance, if M(l,1C), the
time-discounted treatment effect relative to the optimal policy, is —0.5, we interpret this as
the PPP being 50 percent less efficient than it could have otherwise been.

Empirical treatment effect. To compute the treatment effect at a given date, we leverage the
evidence in Joaquim and Netto (2021). The authors compute the average treatment effect
of firms treated until a given time ¢, taking into account the role of banks as intermediaries
in the PPP. Joaquim and Netto (2021) show that research designs based on bank or regional
shocks in PPP disbursement, commonly found in the empirical literature, yield a misleading
interpretation of the effect of the program, and so they propose an alternative estimation
method. Intuitively, bank targeting implies that these designs can, at best, recover the effect
of the PPP on a set of firms that is endogenous, changes over time, and is systematically
different from the overall set of firms that receive PPP loans. The ATT series we use is in
Figure A.1. Let t denote the end of the first draw of the program (our focus on the paper).
For the observed ATT = {ATTt}Ll series in Figure A.1, we compute the treatment effect of

firms that receive loans exactly at time ¢, T, from
Ty=ATTyand ATT, =w; T, +w, T, t=1,..F, (21)

where w; is the number of employees of firms that receive a loan at time t relative to the total

number of employees of firms that receive a PPP loan, and w;_; = Z,t(_:lo wy. We consider the
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share of employees (and not the number or volume of loans) since the relevant distribution
in our setting is the distribution at the job level (Section III.3). Alternatively, we can write
Eq. (21) as

T, =[PQ] ' ATT, (22)

where P and Q are t x f matrices with elements in row r, column ¢ given by

1, ifr>c Y ifr>c
Pre= and Q, . ={ . (23)

0, ifr<c 0, ifr<c

We assume that Tt is the treatment effect of firms that receive PPP loans at time ¢; that is,
there is no within-period treatment effect heterogeneity. This assumption is not necessary
for our results, but it slightly changes the interpretation when we discuss the case of asym-
metric information between banks and the government. For instance, if we assume that the
treatment effect of a firm that receives a loan at t is on average T}, the interpretation of our
asymmetric information exercise is that the government does not observe this average for a
share yp of firms; that is, the government does not observe a noisy measure of the treatment
effect.

Counterfactual policies. In our exercise, we consider only a reallocation of PPP funds in
terms of timing without changing the total number of jobs supported by the program each
day. Two lines of reasoning motivate this approach. First, most of the firms that do not receive
PPP loans are those that do not apply for the program (Figure 2), and any program that the
government implements will likely also have an application cost. Second, the distribution of
firms that receive PPP loans is similar to the overall distribution of US firms from the Census
(Figure A.2).

We consider four alternative allocations of funds in the PPP program. First, we consider
the observed allocation, which we denote as the bank allocation I*8. Second, we consider the
optimal government allocation under the PPP rules, G (Lemma 2). Third, we consider a
random allocation of PPP loans across firms, I*R. Finally, we consider the allocation of PPP
loans when the government allocates funds to firms following an increasing firm-size order

(that is, it starts with the smallest firms), 1. For a given objective function, we compute [ at
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the employee level; that is, we consider a reallocation of PPP loans across employees over time,
which is the relevant metric in our model. For instance, for the problem of the government

at time t, we compute l:’G as

l:,G = arg lt§r61{a})>’<l} L, l,;T;dj s.t. JAt l;dt = wy, (24)
where A, = {j | j € Aand Z,i__% l:]G} is the set of employees in firms that applied for the PPP
and haven’t received a loan up to time .
Results. Our results are in Figures 4 and 5 and Table 2. In Panel A of Figure 4, we show the
observed versus optimal evolution of average firm size (cumulative) during the PPP. While
the observed allocation starts making loans to firms with an average of 30 employees, the
optimal allocation focuses on firms with, on average, fewer than five employees. At the
end of the first draw of the program, given that there is excess supply of PPP loans, we
see that in both cases the average firm size converges to approximately 12 employees. In
Panel B of Figure 4, we plot the misallocation under each of our non-optimal allocations: 1*5
(banks), I*R (random), and I*! (size-based). At the end of the first round (vertical line), the
misallocation from allocating funds through banks is large—the program would have been
80 percent less effective. A random allocation of funds or a size-based policy would have
reduced this misallocation by, respectively, 50 and 55 percentage points. At the end of the
first draw, however, the program would have been only 20 percent less effective compared
with the optimal allocation. During the first round, banks targeted firms that were larger
and less affected by COVID-19 and thus were far from maximizing the effect of the program.
As more funds were appropriated for the PPP in late April, and eventually the supply of PPP
loans exceeded demand, the role of banks in the allocation of funds was reduced and the
high-treatment-effect firms receive PPP loans. The misallocation as of August 8, 2020, comes
from our discount factor, &; that is, the only misallocation is due to differential timing of PPP
loans.

Figure 5 characterizes the efficiency-information frontier from Lemma 4, Eq. (18) on April
16 and May 15, 2020. On April 16, a completely random allocation of funds y = 0 that is only
35 percent as efficient (relative to the banks) in terms of disbursement is preferable to bank

intermediation in the program. On May 15, this figure increases to 65 percent. At this point,
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Figure 4: Firm Size and Misallocation
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Panel A. Observed and optimal average firm size (cumulative). Panel B. Misallocation in Eq. (20) under each
of our non-optimal allocations: I*® (banks), I*R (random), and I*! (size-based).

most firms have already received loans in the program, and the overall effect of information

is relatively muted.

Figure 5: Efficiency-Information Frontier
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Note: Efficiency-information frontier from Lemma 4, Eq. (18) on April 16 and May 15, 2020. Welfare measures
for Eq. (18) come from the use of Eq. (22) in Eq. (19) with the allocation given by Eq. (24) .

IV.1. Optimal Program Size

So far we have taken the total amount available under the program, M, as given. In this
section, we discuss the implications of bank incentives for the optimal size of the program.
To do so, we suppose that there is an exogenous cost function that fully captures the welfare

cost of allocating extra dollars to the program given by %M 2, The problem of the government
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Table 2: Model Results: Firm Size and Welfare

Apr-16 May-15 Aug-08
Optimal Policy

Firm Size (Ng) 8.68 11.51 11.87
Program Effect W(I*C))  0.21 0.14 0.13
Banks
Firm Size (Ng) 20.47  13.61 11.87
Program Effect W(I*8))  0.04 0.08 0.11
Effect of Alternative Policies
Random (W(I*R)) 0.13 0.13 0.12
Size-Based (W(I*!)) 0.16 0.13 0.13

Note: The optimal allocation is computed from the problem in Eq. (24) using the treatment effect from Eq. (22).
Rows represent: observed (Ng) and optimal (Ng) average firm size (cumulative), welfare in Eq. (19) under each
of our optimal allocations: I*C (government) I*® (banks), I*R (random), and I*! (size-based).

is to choose a program size M, subject to either the government or banks allocating the loans,

to maximize the government’s welfare function

* ; S
M; = argmj&}xj ZJP(M)T]d] — EMz’ where P € {G, B}, (25)

A

conditional on an allocation ¥ (M) = {l;}; that satisfies L\ l]P(M)dj = %. We analyze the differ-
ence between M. and My, that is, the optimal program size when loans are allocated through
the government and when they are allocated through banks.

The marginal benefit of increasing the program size is given by a share ¢! of the treatment
effect of the marginal firm receiving a loan. Let T (M) and T z(M) denote these firms under

the government and bank allocations, respectively. The solution of Eq. (25) is given by?°
T6(Mg) = OMg and Tp(Mp) = pIMp. (26)

We plot the difference Ay = Ty — T - implied by the data in Figure 6. We focus the analysis

20Here we assume implicitly that the first-order condition of Eq. (25) in Eq. (26) is sufficient to characterize
the global optimum. This assumption is true for the problem of the government, given that T -(0) > 0, T -(M)
is strictly decreasing in M and 9M is strictly increasing in M. For the problem of the bank, we are implicitly
assuming here that T5(0) > 0, that is, that the bank does not choose a firm with a zero treatment effect (in case a
firm with zero treatment effect exists), and that it crosses the marginal cost curve 9M once and from above. This
assumption is satisfied, for instance, if T 53(M) is increasing or concave. Both of these conditions are satisfied in
our empirical application.
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of optimal program size until May 2020 (instead of August 2020), since after this point the
program is large enough that there is no excess demand for PPP loans. In the first round of
the program, Ar is negative: Banks are allocating loans, at the margin, to firms with lower
treatment effects relative to the government allocation. This difference flips at the end of the
first round, and by the second round banks, relative to the government, are allocating loans
to firms with higher treatment effects (since the government already allocated PPP loans for

high-treatment-effect firms early in the program).

Figure 6: Treatment Effect Difference at the Marginal Firm

04-06 04-13 04-20 04-27 05-04 05-11

Note: Difference in implied treatment effects of firms receiving PPP loans at a given date, Ay = T - T ..

Combining Eq. (26) with our evidence in Figure 6, we can arrive at the following result:
If the marginal cost of raising funds is high (high 9), such that the optimal program size
when banks allocate loans is small (for instance, smaller than the first round of the PPP), we
have that M5 > My. At My, the marginal firm entering the program through the government
allocation has a higher treatment effect than the marginal firm entering the program due to
bank allocation, and thus T ;(Mp) > T z(Mp) = ¢3Mp. The opposite is true if the cost of the
marginal dollar in the program is low (low ¥9). Intuitively, we have two competing forces in
establishing the optimal size of the program when banks allocate loans. On the one hand,
we have that funds are costly. On the other hand, as the program grows, the propensity for
banks to misallocate loans toward firms with low treatment effects is reduced. Our analysis
shows that if the marginal cost is high, the former dominates, while if the marginal cost is

low, the latter dominates.
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V. CoNCLUSION

As a response to the COVID-19 crisis, the US government created the PPP to preserve jobs
in small and medium-sized businesses. In 2020 and 2021, the PPP disbursed $800 billion in
loans and grants to small businesses. To guarantee a timely delivery of loans to businesses,
the program was intermediated by banks. The empirical literature shows that PPP loans
were allocated earlier to firms that were larger and had more pre-pandemic debt and to firms
that would have had a higher probability of survival without PPP loans (including those less
affected by the pandemic). In this paper, we focus on three questions. First, what should the
optimal allocation of PPP loans have been from the perspective of the government? Second,
what distortions were caused by the allocation of these loans through the banking system?
Third, are there any alternative policies that could have been implemented to minimize the
misallocation of PPP loans?

To answer these questions, we develop a theoretical framework of the PPP. Our framework
features firms, banks, and the government. Each firm faces a random cost shock as a result
of the COVID-19 crisis. Firms choose to apply for the PPP and, conditional on applying,
the total amount they apply for in the program is limited to a multiple of their total pay-
roll. Consistent with the stated program objectives, we assume that the government wants
to maximize the number of preserved jobs. In terms of the optimal allocation of PPP loans,
we find that the government should allocate PPP loans to firms whose treatment effects are
the highest. In our model, these firms are those that are likely to be intermediately affected
by the pandemic. Firms that are expected to be severely affected by the pandemic will likely
shut down, while firms not significantly affected by the shock will likely survive—regardless
of the allocation of PPP loans. In our model, banks have an incentive to distort the alloca-
tion toward firms that would have been more likely to survive without a PPP loan, which is
consistent with the empirical evidence.

We provide an empirical application of our model. We find that if the program had only
one round (and had allocated “only” $ 349 billion), the misallocation would have been quan-
titatively large. Given that the program was subsequently enlarged and there was an excess
supply of PPP loans at the end of our sample, we find that the misallocation was relatively

small when we take into account all loans made through the first draw of the program. From
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a policy design perspective, our paper provides a theoretical framework for emergency lend-
ing programs that are now part of the crisis-response toolkit. Our model provides guidance
as to which firms should be targeted by the government, indicates under which conditions
the program should be intermediated by the banking system versus implemented directly by

the government, and studies the optimal program size.
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.  ADDITIONAL FIGURES AND TABLES

Figure A.1: Empirical Estimate of the Treatment Effect
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Note: Lower bound of the treatment effect on the treated in the PPP from Joaquim and Netto (2021).

Figure A.2: Share of Total Employment by Firm Size: PPP Microdata and Census
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Note: Data from the SBA/Treasury PPP release and US Census (2017). For details on SBA/Treasury data, see
Figure 1. Share of total employment from firms in each bin.


https://www.sba.gov/funding-programs/loans/covid-19-relief-options/paycheck-protection-program/ppp-data

B. Proors AND DERIVATIONS

B.1. Firm’s Choice in the PPP

Auxiliary result. For the distribution in Eq. (3), we have that E[v | v < X] = %X

X n-1 X n+1
Co 0 0 n+ n+1

We proceed in two steps. First, we consider the case where a = 1 (firm applies), and then
compute the amount of funds in the application, w. Then, we focus on which firms choose to
apply.

Step 1: Choice of w given a = 1. From the problem of the firm in Eq. (2), we can take the

FOC w.r.t. w when a =1 to obtain

1j
- WI‘](C()) —qD](a)) “rg > 0,

¢j(w)-|I1;(w)

from () > 0 and IT(w) > [j(w) > 5 Tj(w).

Step 2: Choice of a. From the firm objective function in Eq. (4), a firm chooses to apply if

(o) (T1(0)~ B[y 1v; < Ty ()]}~ 0;(0)(T1;(0)~ B [; | v; < T;(0)]) > 1

Therefore, a; =1if:

Li(p)

F
T;T1(0) - @j(@)rge —J vd®(v | 1)) > —,
]

which delivers Eq. (6). Using the distribution in Eq. (3):

TT15(0) ~ TiE [ | v; € [T(0), Ty 9)]] = (6 + 7H) T, - 0(0)——(c; + ) + B (0)

which delivers Eq. (7). =
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B.2. Lemmal

Proof. Let A be the Lagrange multiplier on the constraint that fN a)Gd] = M. Taking the

FOC of Eq. (9) w.r.t. w]G

N[ ()] N =0= [T ()] = ¢ [r ()] Vi

ar; . 3 . .
where we use that aw_]G =1 of the last equation. Let A = A - cg. Using the equation for the
i

distribution ¢(v) in Eq. (3):

1

SO SO
nilej+ o] —iz0= 0 = (i)w_l —c; > M+t= INj(i)”j_l dj,  (28)
i 1j

where the last equality comes from integrating N; a)].G’* across firms to solve for A. This is the
unique global maximum of the problem, as the constraint is linear and the objective function
is strictly concave.

Note that the RHS is (i) strictly decreasing in A since 1; <1, (ii) goes to infinity with A—0,
and (iii) goes to zero with 1 — oo, so there is always a unique solution for A from Eq. (28).

We can use Eq. (28) in the individual firm j equation to obtain:
1 1

T \7-1 T \7T
jw]" =M - [Nc—c]+N(/\)]] —JNj(i)”] dj. (29)
j fj

1 1

Thus, we have that N;7(1, M) = N; (i)"]_l - IN‘ (i)"]_l dj. Therefore:

dwi”  gt(n, M)  (i\iT 1 1

] I ! i

_ —2) () +1=——1In()|. 30
I nj (m) (1 )2l ) (”’)] 30

Let f(17) =1 —#57! —=In(17). We know that f(1)=0and f (1) =472 -#5~L. Thus, f(1) <0 for
n<l.

9 G
Case 1. If A < 1, we have that ” > 0. To see this, note that f( 17] ) < 0 and In(1) < 0, thus in

Eq. (30) the RHS is positive. For 1 <1, we need M +¢ > fNj (17]-)1 ’7] dj.
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I dt(nj, M) . i, _ . .
Case 2. if A > 1, we have that % is positive for 7; <7j <1 and negative otherwise (that
)

is, the transfer function 7 is concave in 7;). To see this, note that lim, o+ f (1) +In(1) = —co,

f(1) +1In(A) > 0 and f(n) + In(A) always increasing. Therefore, by the intermediate value

dt(nj, M)

theorem, we have that 3! 77 < 1 s.t. 5 >0 e <. For A > 1, we need M + T <

1j

N )™ d: .

B.3. Lemma 2

Proof. Let G({l]-G}j) be the Lagrangian of the problem of the government in Eq. (12). The

derivative of the Lagrangian G(.) with respect to l]-G, that is, the marginal allocation

JdG
GZE_G:T]'_(P/\’
al]-

where A is the Lagrange multiplier in the resource constraint.
Case 1. Debt heterogeneity. Consider that all firms in the economy are the same except for

their level of debt bj. Then:

— 1 — a i _ — —
f=lo-ty ol -ep-u)' = 55l =" [o-ty+ o] -lo-]"").

For n <1, T; is thus increasing in b]-. For n > 1, T; is decreasing in bj.

Case 2. Shock exposure Heterogeneity. Consider that all firms are the same except for their

£

shock exposure #;. Define ¢ =

and ¢ = %. Then:

oT;
8—17]:(5+(p)’71-ln(5+(ﬁ)—5’7fln(5)>O<:>(E+(p)’7f-ln(c~+(p)>c~"fln(c~).
j
Which implies:
11’1( ln~(E)~)
@ o _ . Tn(e+ @)
1 (1+—)+1 _In(é+ @) <In(=In (&) o 1; < s = —nER
njIn ; n(-In(¢+@)) <In(-In(¢)) & n; <ng In(1+2)

Therefore, T; is strictly increasing up to 715 > 0 and strictly decreasing afterward. The optimal

-G
allocation is thus l].G =1lifn; € [EG,EG], where T, = Tand ch @dj =M, which (i) exists, since
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the resource constraint is binding and (ii) is unique, since T; is quasi-concave in 7;. ]

B.4. Lemma 3

Proof. We will proceed as in the proof of Lemma 2. Let B({l]B}j) be the Lagrangian of the
problem of the government in Eq. (12). The derivative of the Lagrangian of B(.) with respect

to l]B, that is, the marginal allocation

where A is the Lagrange multiplier in the resource constraint.

. 0Q);
Case 1. Debt heterogeneity. When firms are heterogeneous only in b;, we have 8_%] =T;(1-
0)(1 +YF) + 0;Pcppb; > 0; that is, banks want to allocate loans to the firms with the highest

levels of pre-pandemic debt per worker.

Case 2. Shock exposure heterogeneity. Consider that all firms are the same except #;. Then:

aa—?jj =[x (e+ @)V -In(E+@) - (x - h)ei In(e)),

where k = (1 - 6)b + ¢r + qp and ¥ = PP + qe. Therefore

dQ); .
— >0 (c+@)l-In(¢+@)>
j

1—%]5’71 In (¢)

Which implies:

P | In(e)
ln([l ~ % | In(er ~))

A=

qjln(l ; f)+1n(—1n(5+ 7)) < 1nH1 _

c lln(c))@qj<17gz

since ¥ < k.
Therefore, B; is strictly increasing up to 7z > 0 and strictly decreasing afterward. The
optimal allocation is thus l]B =1if 1j € [WB,ﬁB], where B,s = BﬁB and f:B @dj =M, which (i)
- =i J 1B
exists, since the resource constraint is binding and (ii) is unique, since B; is quasi-concave.

Finally, we will show that: 7, <71~ and < 1 . By contradiction, assume that 17, > 77-.
Y, B <Tlg g =". PY Mg ="Mg
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In this case, 775 > 7] (from the resource constraint). The strategy of the proof is to take an
alternative # smaller but sufficiently close to 1, and show that the profit at this point is
higher than at 77;. The T; at this point will be closer to a point at 7, but the probability of
survival will be much higher, and thus this point will offer a much higher profit for the bank.

Mathematically, given that T, is a continuous function at 77 > 0, we have that V ¢>0,3C >0
|17_EG|<C:>|T’7_TﬂG|<€

Take ¢ < K‘lzﬁ CDWG(O) —CDﬁG(O)]. Then, there d 1 = M.~ C, with C > 0 such that:

KTy + PPy _(0) = KTy + POy _(0) < T, + z,ECDﬂG(O) < kT, + 1D, (0).
Therefore, 77 > 77 ; cannot be optimal for the bank. ]

B.5. Lemma 4

Proof. Let Wg(p,1) be the social welfare under the government allocation (the same as in
Lemma 2) and Wp the social welfare under the optimal bank allocation (the same as in
Lemma 2). We know that W is differentiable and strictly increasing in both arguments,

since:

Welpot) = (1 - )T+ wL T.dj,

where T is the minimum value of the treatment effect that receives PPP loans; that is, f;o dj =

M
P

interval [ ,7-]. Moreover, for any alternative allocation with welfare Wy, let
Lel6

. In Lemma 2, for instance, this corresponds to the treatment effect at the border of the

Wy

r(p) = = o
(1=pT +p [ T;dj

which is strictly decreasing in p. Moreover, we have that 1 < 1*(y) © Wg > Wg(u, 1).
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C. ConsTrRAINED FirsT-BeEsT: EXTENSIONS

C.1. Example of Constrained First-Best with 7; > 1.

Suppose that there are two equally present types of firms in the economy, H and L. All firms
have zero pre-pandemic profits T = 0. However, each firm has its own #jg, F € {L, H}, with
ng > 1. Let the total amount of the program be M = 1. The constrained first-best (CFB) in
this case:

max d'™ +(1-d)'"
del0,1]

For ny > 1y > 1, this function is maximized with d = 0 or d = 1. The government in this case

is indifferent to the choice between allocating loans to the most or least affected firms. m

C.2. Super and Submodular Distributions.

Let v; ~Y(1j+wj,0;), where 6; € ©, a complete lattice, parameterizes the distribution Y and
can be different across firms and that, as in the text, a higher 6 implies that a firm is more
affected in a FOSD. Take j,jA such that 6 > 0. Let w*,®* be candidates for an optimum for
these two types.

Suppose by contradiction that for w* < @*. For the strict inequality, since Y is strictly

supermodular
Y(&",0) - Y(w",0)>Y(0,60)-Y(w",0) © Y (0", 0)+ Y(&F,0) < Y (&, 0)+ Y (" 6)

For the case where w* = &*, Ve > 0: Y(w* —¢,0)+ Y(w* +¢,0) < V(w0 +¢,60)+ Y(w* —¢,0). The

same argument applies for the submodular case. =
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