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Abstract

I consider a simultaneous spatial panel data model, jointly modeling three effects:
simultaneous effects, spatial effects and common shock effects. This joint modeling and
consideration of cross-sectional heteroskedasticity result in a large number of incidental
parameters. I propose two estimation approaches, a quasi-maximum likelihood (QML)
method and an iterative generalized principal components (IGPC) method. I develop
full inferential theories for the estimation approaches and study the trade-off between
the model specifications and their respective asymptotic properties. I further investi-
gate the finite sample performance of both methods using Monte Carlo simulations. I
find that both methods perform well and that the simulation results corroborate the
inferential theories. Some extensions of the model are considered. Finally, I apply the
model to analyze the relationship between trade and GDP using a panel data over time

and across countries.
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1 Introduction

In this paper, I consider a simultaneous spatial panel data model, jointly modeling three
effects: simultaneous effects, spatial effects and common shock effects.! First, the simultane-
ous effect comes from the endogeneity of the dependent variables in a simultaneous equation
system, and is important in many structural economic modeling. Second, the spatial effect
is present in models where dependent variables are spatially interacted and spatial weights
matrices are specified based on location and distance, in a geographic space or in more gen-
eral economic, social or production network spaces. Third, common shocks stem from a
common factor structure in panel data models, where the dependent variables’ responses to
shocks (i.e., factors) are heterogeneous and captured by the factor loadings.

That the model includes all three effects is useful in various fields. For example, this
framework can be applied to analyze the relationship between trade volume and gross domes-
tic product (GDP) within and across countries, a prominent research topic in international
trade and macroeconomics. Within a country, trade volume is endogenously correlated with
GDP, which can be regarded as a simultaneous effect. Across countries, a country’s trade
volume (or GDP) might be affected by other countries’ trade volumes (or GDPs) through
trade and financial linkages. This type of impact can be viewed as a spatial effect. Moreover,
a global financial shock or a common energy shock might affect all countries’ trade volumes
and GDPs, which is referred to as a common shock effect. The model can also be applied in
social network studies such as peer effects analysis in applied microeconomics, or in regional
economic studies.?

In this paper, I consider the following simultaneous spatial panel data model, combining
all three effects, with both a large time dimension 7" and a large cross-sectional dimension
N:

N k1
Yiit = Q15 + pP1 Z WY1t + V1Y2ie + Z T1itpfrp + N fi + €1it

j=1 p=1
N b (1.1)
Yoit = Qig; + P2 Z Wai5Y25t + VoVt + Z Toitq g + Vi fr + €2t
j=1 q=1

where 1 = 1,2,...,N; t = 1,2,...,T; y1;: and yo;; are the dependent variables for cross-
section ¢ at time ¢; X1, p = 1,2, ..., k1 and x9yq,q¢ = 1,2, ..., ky are explanatory variables,
with their coefficients denoted as 31, and By, respectively; f; is an r-dimensional vector of

1Related literature and studies of these three effects are provided in the end of the introduction section.

2For the peer effects studies as in Cohen-Cole et al. (2013) and Liu (2014), the common factor structure
in my model can be used to capture unobservable individual characteristics which have time-varying impacts
on individuals’ decisions or choices. For these regional economic studies as in Jeanty et al. (2010), Baltagi and
Bresson (2011), Gebremariam et al. (2011) and Hauptmeier et al. (2012), the common shocks can capture
macroeconomic shocks which have heterogeneous impacts on local economies.



unobservable common shocks, termed the common factor; A\; and v; are the corresponding r-
dimensional vectors of unobservable heterogeneous responses to the common shocks, termed
the factor loadings; for [ = 1,2, W, = (wy;;)nxn Is a pre-specified spatial weights matrix
whose diagonal elements wy; are 0;® ey and es; are the idiosyncratic errors; and oy; and
ag; are the intercepts. In model (1.1), taking the y;; equation as an example, the term
(71Y2i¢) captures the simultaneous effect from yo to y1, (1 Z?lewujym) captures the
spatial effect, and (X, f;) captures the common shock effect. The (\,f;) part can also be
viewed as an interactive fixed effect, which is more general than an additive fixed effect
and provides a flexible way to model cross-sectional and serial correlations.* My interest is
estimating the key coefficients (p1, pa2, 71,72, 51, f2) and analyzing the asymptotic properties
of their estimates.

In the econometrics literature, to the best of my knowledge, no existing paper jointly
models these three effects. However, recently, a few papers consider two types of models
combining two of these three effects. The first type is a spatial panel data model with com-
mon shocks in a single-equation system. Extending this type of model to a simultaneous
equation system would make it applicable when multiple dependent variables are simultane-
ously interdependent, e.g., the above trade and GDP case. In estimating this type of model,
Pesaran and Tosetti (2011) implement the same common correlated effects (CCE) estima-
tion used in Pesaran (2006), while Bai and Li (2014b) propose a quasi-maximum likelihood
(QML) method and Kuersteiner and Prucha (2015) use a generalized method of moments
(GMM).5 However, these estimation methods cannot be directly applied to my model due
to the additional simultaneous structure of my framework. In addition, in the above trade
and GDP example, if we use a single-equation system to study the effect of trade on GDP,
their endogeneity would make the existing estimation methods in these papers inconsistent.

The second type is a spatial model in a simultaneous equation system but without the
common shock effect. Two estimation methods have been studied for this type of model,
instrumental variable (IV) methods (see Kelejian and Prucha (2004), Cohen-Cole et al.
(2013), Baltagi and Deng (2015) and Liu (2014))°® and QML methods (see Baltagi and

3More details of the weights can be found in Remark 2.1 on page 11 in this paper.

4The interactive fixed effects have been widely considered in the econometric literature, see Pesaran
(2006), Bai (2009), Pesaran and Tosetti (2011), Bai and Li (2014a), and to name a few.

>The difference between the first two papers is that Pesaran and Tosetti (2011) specify the spatial inter-
action of the unobservable errors, while Bai and Li (2014b) specify the spatial interaction of the observable
dependent variables. Thus, the CCE method cannot be applied to the model studied in Bai and Li (2014b),
due to the endogeneity of the dependent variables. Kuersteiner and Prucha (2015) is based on a dynamic
case where the dependent variable also depends on its previous value. In the estimation, Kuersteiner and
Prucha (2015) first perform a quasi-transformation to eliminate the common shocks and then implement
GMM.

6All of these papers focus on cross-sectional data, except Baltagi and Deng (2015), which is based on a
panel data setting with random effects.



Bresson (2011), Wang et al. (2014) and Yang and Lee (2017)).” However, neither approach
can be directly applied to my model due to the additional common shock effect. In all these
papers, the errors are assumed to be idiosyncratic (i.e., uncorrelated over time and cross
section), which is too strong in applications, and potential correlation of the errors would
cause their estimation methods to be inconsistent. Augmenting this type of model with
common shock effects can make it reasonable to assume that the new errors are idiosyncratic,
since the common shocks would capture the correlations in the original errors, making the
new errors idiosyncratic.®

In this paper, I focus on model (1.1). I present its estimation method and the corre-
sponding asymptotic properties of the estimators. Under the joint presence of these three
effects, there exist a large number of incidental parameters. In addition, I allow for cross-
sectional heteroskedasticity in the errors, which is useful and important in spatial models®
but gives rise to further incidental parameters due to the large number of variance param-
eters. To estimate the model, I propose two different approaches: a QML method and an
iterative generalized principal components (IGPC) method. I show that both methods can
effectively deal with the incidental parameters in model (1.1). For each method, I derive a
full inferential theory for its estimators, which includes consistency, convergence rates and
limiting distributions. To investigate finite sample performance, I conduct Monte Carlo sim-
ulations. I find that both methods perform well and that the simulation results corroborate
the inferential theories derived in this paper. Furthermore, some extensions of the model are
discussed. Finally, I apply the model to analyze the causal relationship between trade and
GDP, taking into account spatial effects and global common shock effects.

Comparing the two approaches, I show that there is a trade-off between the model spec-
ification and the asymptotic property of the estimator. In the QML approach, I specify a
model for the explanatory variables assuming that they are also affected by the common
shocks and follow a common factor structure. The same specification of the explanatory
variables has been considered in many papers; see Pesaran (2006), Bai and Li (2014a) and
Castagnetti et al. (2006). Based on the fully specified model of the dependent and explana-
tory variables, I consider an objective function, which is the likelihood function if the factors
and errors are assumed to be i.i.d normal distributed. Since the normality assumption is
not required in this paper, this approach is referred to as the QML method. In computing
its estimator (QMLE), the expectation maximization (EM) algorithm is implemented. Note

"Baltagi and Bresson (2011) propose a QML method to estimate a spatial seemingly unrelated regression
panel data model with spatially correlated errors. Both Wang et al. (2014) and Yang and Lee (2017) are
based on cross-sectional data with homoskedasticity. By comparison, Wang et al. (2014) implement a limited
QML method without cross-equation correlation of the errors, while Yang and Lee (2017) consider a full
information QML method allowing the errors to be correlated across equations.

8This common shock effect is an important feature to be implemented by various techniques, as noted in
Pesaran (2006), Pesaran and Tosetti (2011), Bai (2009), Bai and Li (2014b) and Castagnetti et al. (2006).

90n inference, see Anselin (1988), Lin and Lee (2010), Kelejian and Prucha (2010), Bai and Li (2014b)
and Baltagi and Deng (2015).



that I estimate the sample variance of the common factors instead of the factors themselves.
The inferential theory shows that the QMLE is consistent, and its limiting distribution is
unbiased (i.e., centered at zero) and has a smaller variance than that of the IGPC estima-
tor. The gains of unbiasedness and more efficiency of the QMLE come at the cost of fully
specifying the model of both the dependent and the explanatory variables.

In the IGPC approach, I do not specify the model for the explanatory variables but
allow them to be arbitrarily correlated with the common factors and loadings, which is a
more general approach than that used in QML. Unlike the treatment of the factors in the
QML approach, I treat these as parameters and estimate them directly. In the estimation,
I consider an objective function which is the likelihood function if errors are assumed to
be i.i.d normal distributed, though such normality is not required in this paper. I then
propose the IGPC method which is an iterative method based on the first-order conditions
derived from the objective function. I call this estimation procedure the IGPC since one of
the first-order conditions involves a generalized principal components method, and the word
“generalized” stems from the heteroskedasticity assumption. The IGPC estimator (IGPCE)
is consistent. Compared to the QMLE, the limiting distribution of the IGPCE is biased (i.e.,
not centered at zero) and has a larger variance. The cost of the bias and less efficiency of
the IGPCE is offset by the gain of a more flexible model specification for the explanatory
variables. In addition, based on the limiting distribution of the IGPCE, a bias-corrected
IGPCE is obtained.

In Section 6, I apply the model to explore the relationship between trade volume and GDP
using a panel data over time and across countries. My model is able to address endogeneity
between trade and GDP, which is a well-known problem encountered in analyzing their
relationship, as noted in Helpman (1988), Bradford et al. (1993), Rodrik (1995), Winters
(2004) and Winters and Masters (2013). Thus far, economists have been making efforts to
construct valid IVs for trade to tackle the endogeneity problem. For inferences, see Frankel
and Romer (1999), Feyrer (2009), Felbermayr and Groschl (2013) and Ortega and Peri
(2014). However, the validity of these IVs is still questionable. Unlike those papers that use
a single-equation approach, I study the same type of question by modeling trade and GDP as
a system of simultaneous equations and taking into account the endogeneity between them
naturally. Moreover, despite their importance, global common shocks have not been well
captured in the existing literature, whereas they can be captured using my model through a
factor structure. Additionally, my model incorporates the spatial effect through international
trade, which is implied from gravity theory as noted in Helpman (1987) and Anderson and
van Wincoop (2003). In estimating the model, I implement the IGPC method, which does
not need IVs. The empirical results show that all three effects emphasized in the model
play important roles: 1) trade and GDP mutually and positively affect each other within a
country (i.e., the simultaneous effect); 2) there exist spatial effects across countries for both
trade and GDP (i.e., the spatial effect); and 3) global common shocks cannot be ignored.



The key finding is that the elasticity of GDP with respect to trade is approximately 0.1,
while Feyrer (2009) finds an elasticity of approximately 0.5 using an IV approach.

Related literature. In both the empirical and theoretical literature, many papers consider
the three effects separately. First, regarding spatial models, two estimation methods have
been considered so far. One is the generalized method of moments (GMM) (see Kelejian
and Prucha (1998, 1999, 2010), among others), and the other is the QML method (see
Anselin (1988), Lee (2004a), Yu et al. (2008), Lee and Yu (2010a,b), Yu and Lee (2010),
among others). Spatial models can be applied in many fields, such as spatial propogation of
macroeconomic shocks in europe (Dewachter et al. (2012)), propogation of monetary policy
shocks through production network (Ozdagli and Weber (2017)), international trade (Baltagi
et al. (2008), Lawless (2009), and Rauch and Trindade (2002)), interregional trade (Keller
and Shiue (2007)), banking and finance (Arezki et al. (2011) and Korte and Steffen (2014)),
public economics (Egger et al. (2005)), transportation research (Frazier and Kockelman
(2005)), good demand (Baltagi and Li (2006)), and agricultural economics (Druska and
Horrace (2004)), among others.

Second, various methods have been studied for panel data models with common shocks.
For instance, Pesaran (2006) propose CCE estimation; both Bai (2009) and Moon and
Weidner (2017) consider a principle components (PC) method; Ahn et al. (2013) use GMM,
and Bai and Li (2014b, 2015) implement QML. Regarding applications, common shocks
models can be used in economic forecasting (Stock and Watson (2002a,b)), time trends
modeling (Kneip et al. (2012)), analyzing spillovers in private returns to R&D (Eberhardt
et al. (2013)), asset pricing (Bai and Ando (2014)), and so on.

Third, for simultaneous panel data models, IV approaches have been widely implemented;
see Baltagi (1981), Balestra and Varadharajan-Krishnakumar (1987), Cornwell et al. (1992),
Baltagi and Li (1992), among others. In practice, simultaneous panel data models can
be applied to earnings studies (such as the income-schooling-ability simultaneous equations
model considered in Chamberlain (1977a,b), Chamberlain and Griliches (1975), and Griliches
(1979)), trade economics (Egger and Pfaffermayr (2004) and Serlenga and Shin (2007)),
finance (Chen et al. (2006)) and operational management (Jain et al. (2013)).

In the application of spatial models, although many existing examples are based on a
single-equation setup, spatial models with simultaneous equations have received more atten-
tion lately and have been widely used in various areas. For instance,these models have been
in regional science studies of housing economics (Jeanty et al. (2010); Baltagi and Bresson
(2011)); environmental and health economics (Ho and Hite (2008)); the determinants of lo-
cal growth (interactions among migration, employment and income; see Gebremariam et al.
(2011)); fiscal policy analysis (Hauptmeier et al. (2012) focus on fiscal competition over taxes
and public input provisions, and Allers and Elhorst (2011) focus on the interactions between
governments expenditures); and agricultural economics (Wu and Lin (2010)). Moreover, si-
multaneous spatial models can be applied in social network studies, such as the multi-choice



games in Cohen-Cole et al. (2013), Goldsmith-Pinkham and Imbens (2013) and Liu (2014).
It would be potentially useful to apply my model to these areas by allowing common shocks
to control for cross-sectional or serial correlations.

This paper proceeds as follows. I present the QML approach in Section 2 and the IGPC
method in Section 3. In each section, I describe the model specification, assumptions, ob-
jective function, first-order conditions, inferential theory and computing algorithm. Then,
in Section 4, I report the Monte Carlo simulation results for both approaches. Some ex-
tensions of the model are considered in Section 5, and an application is provided in Section
6. Finally, Section 7 concludes. Important notation is provided in Appendix A and B, and
some proofs are presented in Appendix C. Other technical proofs and additional simulation
results are provided in the supplementary material. Throughout the paper, ||A|| is defined
as the Frobenius norm of A, where ||A|| = [tr(A’A)]'/2 for any m x n matrix A. In addition,
a; represents the de-meaned version of a column vector a;, defined as a; = a; — %Zle ag,
and My, is defined as M, = %Zthl atb; for any column vectors a; and b;.

2 First approach: the QML method

In the first approach, in addition to model (1.1), I specify a model of the explanatory
variables by assuming that they are also affected by the common shocks and follow a factor
structure. Such specification of the explanatory variables is applicable and widely considered,
see Pesaran (2006), Bai and Li (2014a) and Castagnetti et al. (2006). Then, based on the fully
specified model of both the dependent and explanatory variables, I consider the likelihood-
based objective function and propose the QML method. In the estimation, I do not estimate
the common factor f; itself but its sample variance. Further, I develop a full inferential
theory of its estimator and provide its computation algorithm. Some simulations results of
this QML approach are presented in Section 4.

2.1 Model description and assumptions

In this section, in addition to model (1.1), I specify the model for the explanatory variables
assuming that they are affected by the common shocks and following a factor structure of
f+, described as follows:

T1itp = Viip + Opip fr + V1ip, P =1,2,... .k
oo ' (2.1)

/
Toitg = Vaiq + Poigft + V2itg, q=1,2,... ko

where ¢y, is an r-dimensional factor loading, representing the heterogeneous response of 1,4,
to the common factor f;; ¢q;, is defined in a similar way. Therefore, in the first approach,
I consider a fully specified model of both dependent and explanatory variables, combining



(1.1) and (2.1).

Let z15 = (fl’utl, T1it2, - - - axlitkl)la B = (5117 Bizs - - ,51k1)/, V= (V11, Vg, ..., VlN)/7 1 =
(P1i1, Prizs -+ s Priky ), V1t = (Viit1, V1ie2, - - - Uity )’y and define xoy, Ba, V2, Po;, v2ir in a similar
way. Then, I can rewrite the model (1.1) and (2.1) as follows:

N
Y1t = Q15 + p1 Z WY1t + NY2it + Ty + Nofe + €1
j=1
N
Yoit = Qg + P2 Z WaijYajt + YaYri + ToyBa + Ui fi + eair (2.2)
j=1

Ty = Vi + O fr + v

Toit = Vaj + O, [ + Vot

/ ! \/ _ _ / / !/ :
Let p; = (Oéli, Q2,4 V1i>V2i) , Ly = ()\i,?/h'@lu@i), and €; = (elit>€2it>vlit>U2it) . I can rewrite
the above model as:

N !
Yit = P1 2251 WigHe — Nb2ie — TP

N /
Y2it — P2 Z i Wi Y25t — YoY1it — Ty 2 f
! = pi + Ly fe + €t
T4t

T2t

Denote & = (py, pa, V1,72, 55, B5), k = k1 + kg, and k = k + 2. Let D(5) be an Nk x Nk
matrix whose (i, j) subblock, denoted by D;;(8), a k x k matrix, is equal to:

1 - —51 0

T T
12 B if i=j

—P1W1i5 0 0 0
0 —pawai; 0 0
0 0 Ok,
0 0 0 O,

if i

Now model (2.2) can be further transformed into the following matrix form (also a factor-
structured model):

Where 2t = (tha B2ty ooy ZNt)/7 Wlth Zit = (ylih Y2it, ':E/lit? x/Qit)/’ L = (Lla L27 cee 7LN)/7 n =
(uh, phyy oo ply), and € = (€, €, ..., €y,)'. This matrix form will be used throughout the



first approach.
Throughout the paper, I assume that the number of factors r is fixed and known. In the

simulation section, I propose a modified information criterion based on Bai and Ng (2002)

to determine r for each of the two approaches.

2.1.1 Assumptions

To analyze model (2.2), I assume that there exists a constant C' > 0 sufficiently large such

that the following assumptions hold.

Assumption A: The factor f; can be either fixed constants or random variables such

that
Al

A2

Let f, = f, — %Zthl fi, and My = T71 Zthl ftft’ be the sample variance of f;. If f;
is fixed, I assume that || f;|| < C for all ¢ and My — Qp. If f; are random variables, I
assume that E(||f||*) < C for all i and My 2 Qp, where Qp is some positive definite
matrix.

If f; are random variables, I assume f; to be independent of ¢, for all ¢ and s.

Assumption B: The loading L; can be either fixed constants or random variables such

that
B.1

B.2

If L; is fixed, I assume that [|L;]| < C for all ¢ and +L'S_ 'L — Q. If L; are random
variables, I assume that E(||L;[|*) < C for all i and +L'SZ'L & Q, where S is
defined in Assumption B, and €2, is some positive definite matrix.

If L; are random variables, I assume L; to be independent of the idiosyncratic errors
€j; for all ¢ and j.

Assumptions A and B allow both the loadings and the common factors to be either fixed

or random, which results in a model that is more general and applicable in various empirical

studies.

Assumption C: The idiosyncratic errors €; = (€14, €2ir, V.., v5.,) are such that
it ity ©2ity Y14ty Y24t

C.1

C.2

C.3

eyir 18 independent and identically distributed over ¢ and uncorrelated over 7, with
E(eyr) = 0 and E(ef,) < ocoforalll=1,2,i=1,--- ,Nandt =1,---,T. Let o}
denote the variance of e;;. I assume C~! < o2 < C.

ey is independent of egjs for all (4,j,¢,s). Let ;. denote the variance matrix of
eit = (€14, €2i1), so I have ¥y, = diag(o?,,03,), a diagonal 2 x 2 matrix. Let .. denote
the variance matrix of e; = (€}, €y, ..., €y,). Then, 3., = diag(X11e, Xazes - - -, DN Ne)
is a diagonal 2N x 2N matrix.

v 18 independent and identically distributed over ¢ and uncorrelated over ¢, with
E(v) = 0 and E(JJug||*) < oo for all (1,4,t). Let X5, denote the variance matrix of
v and assume that all eigenvalues of ¥;;,; are uniformly bounded (UB) for all I and i.
In addition, vy; is independent of vy for all (4, j, ¢, s). Let viy = (v141, voi)" and assume
v;; is independent of e for all (4, j,¢, s).

9



C.4 Let 3 denote the variance matrix of €;, so I have ¥;; = diag(o?,, 02, Siiv1, Siiv2), @
block-diagonal k x k matrix, where k = k; + ks + 2. Let .. denote the variance matrix
of €. Then, ¥ = diag(X11, Y99, ..., Znn) is a block-diagonal Nk x Nk matrix.

Assumption C is that the variance of the idiosyncratic errors ¢, is a block-diagonal matrix,
extending traditional factor analysis wherein a diagonal matrix is assumed instead. More-
over, Assumption C allows cross-sectional heteroskedasticity, which extends exiting studies
with simultaneous spatial models where homoskedasticity is assumed, such as Kelejian and
Prucha (2004), Baltagi and Bresson (2011), Wang et al. (2014), Baltagi and Deng (2015),
Liu (2014) and Yang and Lee (2017). Note that neither 3;,; nor Y;,2 need be diagonal,
meaning that the k1 components within the error vy; can be correlated with each other.
This is also the case for vy.

Assumption D: The underlying value § = (p1, p2, 71, V2, 81, 55)’ satisfies ||6|| < C.

Assumption E: Compactness of estimates.

E.1 The variances ¥;; for all i and Mys are estimated in a compact set, i.e., all the eigen-
values of %; and M are in an interval [C~F, 1.

E.2 The key parameters § = (p1, p2, 71, V2, 01, 55)" are estimated in a compact set A; X Ag X
Az x Ay x A5 x Ag C R xR xR x R x R¥ x R*2 where R is the set of real numbers.

Assumption E requires that the variance parameters are estimated in a compact set.
Compactness is a condition for theoretical analysis, which is usually used when the objective
function is highly nonlinear, for instance, in Newey and McFadden (1994), Jennrich (1969)
and Wu (1981). I impose Assumption E here since the objective functions considered in
both approaches presented in this paper are highly nonlinear. However, I do not require
restrictions on the factor loading L;.

Assumption F: Aassumptions about some important matrices.
F.1 The transformation matrix D(J) is invertible.
F.2 Wi and W, are constant N x N weights matrices with diagonal elements being zero.

F.3 Let P, = (Iy — p1Wh) and Py = (Iy — poW3). Then, I assume all matrices Py, Py, (I —
Y1y2 Py Py ) and (I — 4172 Py PPy t) are invertible.

F.4 Let Biy = (I — 117 P ' PyY) ™" and By = (I — v172 Py *P 1) ™! 1 assume that the row
and column sums of matrices Wy, Wa, P1_17P2_1,Blg and Bs; are all UB in absolute
value.

Assumptions F.1-F.4 are standard in the spatial econometrics literature, for instance,
Kelejian and Prucha (2004), Lee (2004a), Yu et al. (2008), Bai and Li (2014b) and Yang
and Lee (2017). The invertibility of D(J) (Assumption F.1) is standard in spatial models
when using the QML method, which guarantees that the first-order conditions of § exist

10



and the system has an equilibrium. Assumption F.2 is a standard normalization assumption
for weights matrices. Assumption F.3 guarantees the invertibility of key matrices that will
be used frequently in the theoretical analysis. The UB condition in Assumption F.4 keeps
the degree of spatial correlation manageable and will be used in the theoretical analysis,
especially in the consistency analysis.

Remark 2.1. In empirical applications, weights can be defined in many ways. Let w;; be
the entry of an IV x NV weights matrix W. The weight w;; measures the presence and strength
of an interaction between location ¢ and j in a geographic space, or more generally, w;; can
be interpreted as the strength of a link between nodes ¢ and j or between observations 7
and j in an economics or social network space. In applications, w;; is usually a decreasing
function of distance, as higher weights are assigned to closer observations than to distant
observations. The most popular weighting scheme in practice is K-nearest neighbor weights,
where location ¢ is only affected by its K-nearest neighbors; more details about this scheme
will be given in the simulation section. In the simplest case, when K = 1, the weights matrix
is binary, where w;; = 1 if 7 and j are neighbors (sharing a common boundary), and w;; = 0

otherwise. The choice of weights matrix always depends on the empirical application. °

Remark 2.2. There is an alternative way to write the UB condition defined in Assump-
tion F.4. First, an equivalent way to say that an m-by-n matrix A is UB in absolute row

sum and column sum is to assume that limsup ||Al|oc < oo and limsup ||A|; < oo, where
N—o00 N—o00

[Alloo = maxi<i<m D, |ai;| represents the maximum absolute row-sum of A; [|All; =

maxi<j<p ¥ .oy |@ij| represents the maximum absolute column sum of A, where a;; is the

(1, 7)th element of A. Second, a set of three conditions lim sup |[|[W1 || < 1, limsup ||[W;]); <1
N—o0 N—oo

and |p1| < 1, imply that P; ! is UB. This is because by definition of P = (Iy — piW}),

limsup || P! < limsup E (o1 W)’ <
N—oo N—oo 7y 1-

and

lim sup || P~y < limsup Y (/o Will1) < <00
N—oo 1—

N—oo =0

Further, a set of sufficient conditions for the assumption that B, is UB can be that
limsup | Py Py e < 1, limsup ||P7'Py i < 1 and |y172| < 1. Similar arguments can

N—oo N—oo

be made for P, ' and By.

0For example, in geographic spatial models, Ho and Hite (2008) uses a binary weights matrix, where the
weight w;; is nonzero only if ¢ and j are neighbors. Jeanty et al. (2010) consider two choices of weights. One
defines w;; as a binary distance-based weight, as w;; equals one only if the distance is smaller than a certain
distance threshold and zero otherwise. The other defines the weight w;; as an inverse distance function d;ja,
where d;; measures the distance, and a is a dampening coefficient indicating how fast the weight decreases
with distance. Furthermore, Cohen-Cole et al. (2013) and Liu (2014) consider the weights in the multi-choice

game framework of a social network model.
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Assumption G: Let 1 = (p1, p2, 71, 72), for all nt = (pl, ph, 4l 4d,) € Ay x Ay x Ay x Ay,
with 7' # 1. One of the following two conditions holds:
G.1 For 61 75 0 and /82 7& O,
liminf M, >0
N—o0

aq 0 bl 0
0 0 b
where M, = 2 2 , with aq,as, by, b, c1, co being scalars and functions of
b1 0 (6] 0
0 bg 0 Co

(p1, p2,71,72), depending on N, as defined in Table A2 in Appendix A.!!
G.2
liminf M > 0

N—oo

where M is a 4 x4 matrix, depending on N, n,n' and variances (a%j, agj) (j=1,2,...,N).
Its (i, j)th entry is defined as Ml; = wtr(M;M}), where each M, is an N x N matrix,
for I = 1,2,3,4, defined in Table A2 in Appendix A, and tr(-) is the trace operator.'?
The condition G.2 is equivalent to that, matrix M is positive definite for all N.

Remark 2.3. Assumption G imposes identification conditions for the key coefficients § =
(p1, p2,71,72). Specifically, Assumption G.1 depends on § # 0, while Assumption G.2
does not depend on 3. Conditions (G.1) and (G.2) are related to Assumption 8 and 9
respectively in Lee (2004a), and the two conditions in Assumption 8 in Yu et al. (2008), but
differ in that they impose homoskedasticity and use a single-equation setup, while I allow
cross-sectional heteroskedasticity and focus on a simultaneous equation system together with
common shocks in this paper. Assumption G is also related to Lemmas 2, 3 and 4 in Yang
and Lee (2017), but the difference is that they consider a cross-sectional simultaneous spatial
model without common shocks and assume homoskedasticity. As shown in Appendix C,

condition G.2 is related to the unique solution to ﬂN(pI, pg, fyir, ’yg, UE, agf, VN O'BV, 03\,) =0,
with:

1 1
7—1N(pJ{7 1027 ’)/Iv f}g’ JE? 0-;?7 R O-E\Za U;?\[) = _ﬁtr[RTEeeRT/EZgl] + ﬁ IH[RTEeeRT/Elgl] +1

where ,R’T - T(UT)T(TD_l’ with n= (,017P2,71;'72) and 77T = (pil-up;’ﬂ?fyg)

Remark 2.4. The intuition behind the above identification condition is that, if there are
explanatory variables x; and x5, the model can be identified based on condition G.1; if not,
the model can still be identified if either spatial effect or cross-sectional heteroskedasticity
exists, implied from condition G.2.

YAl a1, a9,b1,ba,c1,co involve matrices Wy, Wa, Py, Py, Bia, By and G; (I = 1,...,4). The N x N
matrices G; (I =1,...,4) are defined in Table A1 in Appendix A

12Compared to the definitions of ai,as,b1,bs,c1,co, the matrices M; not only depend on
W1, Wa, P1, Py, Bia, Ba1, Gy, but also on the variances (0;,03;) (j = 1,2,...,N).
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Remark 2.5. The matrix M, in Assumption G.1 is positive-definite if and only if that
ap > 0, (CL1C1 — b%) > O,CLQ > 0, (CLQCQ — bg) > 0.

Furthermore, a sufficient condition for a; > 0 is following denoted as (GS.1.1): there exists
a positive constant € such that at least one of the following two conditions holds:

N
1 — /
~ | ERGIT1GY) + 1r(G) — 2 ;[GWP] > e

N
1 — /
~ [ FERG TG + 6 [(W1Gy)?) - 2 ;[(W1<G4),-,-]2] > ¢

where Y., = diag(o?,,0%,...,0%y); the N x N matrices G; and G, are defined in Table A1l
in Appendix A; G, denotes the (¢,7)th entry of matrix G, which is similar for (WGy);;.
To see this, it can be shown that the above condition %[tr(EfeleGlZleeG’l) + tr(G?) —
2 Zf\il[Gl,ii]Q] > ¢ implies 5 SN Z;.V:L#i [G145]? > &1 for some positive constant 1. Simi-
WGBS GyW)) + (W16 =2 S (W12 > =

implies that 55 SV Z;\le i2il(W1Gy)ij]* > &, for some positive constant 5. Then, summa-

larly, the above condition + [tr(Zfele

rizing the preceding analysis, together with the definition of a; = 75 Zi\;l Z;\f:u;&i [[Gl,ij]Q—l—

[(W1G4)ij]2], it follows that condition (GS.1.1) implies a; > 0. Similar arguments can be

made for the other conditions involved in the above sufficient condition for (G.1). More
details can be found in the supplementary material.

2.1.2 Normalization conditions for factors and factor loadings

In the factor analysis literature, it is well known that the factors and corresponding loadings
can only be identified up to a rotation. The model considered in this paper can be regarded
as an extension of the factor model and has the same rotational indeterminacy problem.
Thus, in this section, I introduce a set of normalization conditions (NC) for both factors and
factor loadings in order to facilitate the inference analysis.

Model (2.4) can be alternatively written as follows:

D)z = p+Lfi+e (2.5)
= (u+Lf)+L(fi— f)+e
= (u+Lf)+ (LM*R) \(R’Mﬁ” (i - f))1+et

-~

* *
K L fr

13



where R is an orthogonal matrix that consists the eigenvectors of M L'S_ ' LM/ arranged
in descending order. Let p*, L* and f; be the new intercepts, new loadings and new factors,
respectively, as defined in the above equation. Then, model (2.4) is equivalent to:

D((S)Zt = ILL* -+ L*ft* + €

where %Z; fr=0, %ZtT:l fiff =1, and + L¥Y 'L* is a diagonal matrix. Therefore,
without loss of generality, I can impose the following NC for the factors and factor loadings
in model (2.4):

NC.1 f: %23:1 ft =0
NC2 My =+ (= Pfi— ) =1

NC.3 %L’ Y 'L = Qn, where Qy is a diagonal matrix with its distinct diagonal elements
arranged in descending order.

Remark 2.6. As shown later, NC.3 is not needed for the QML estimation of the regression
coefficients ¢, but it is needed to identify the factors and factor loadings. Under this NC,
the orthogonal matrix R in (2.5), which is associated with the rotational indeterminacy of
factors and factor loadings, now can be uniquely determined up to a column sign change. In
addition, NC.3 simplifies the asymptotic analysis of the QMLE of §.

Remark 2.7. In the factor analysis literature, the above NC are commonly used in maximum
likelihood estimation; see, for instance, Anderson (2003). There are other NC to deal with
rotational indeterminacy; see Bai and Li (2012) and Bai and Ng (2013).'® For the QML
approach in this paper, different NC will induce different estimates of the sample variance
of factors My and loadings L, which are the nuisance parameters in this paper, but they
will not change the estimates of the key parameters § and ¥..

2.2 Objective function and first-order conditions

Let 6, = (9, L, %) be the parameters to be estimated. In this approach, I consider the
following objective function:

1 1 1
L£1(0)) = 5N In ||+ v In|D| — Wtr[DMZZD’E;I] (2.6)

where ¥, = LL' + X; D = D(J) is given in equation (2.3); and M,, = %Zthl %%, is the
data matrix. The above objective function is the likelihood function if f; and ¢, are assumed

13Bai and Li (2012) consider five different sets of identification conditions and derive the inferential
theories of the the corresponding QMLEs. Bai and Ng (2013) discuss three different sets of identification
conditions for static factors in the PC analysis.
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to be i.i.d. normal. Without such assumption, function (2.6) is referred to as the quasi-
likelihood function.'* The QMLE denoted as 6 = (4, L, Y..) is defined as the maximizer of
the above objective function:

0 = argmax L1(6;)
01€01

where ©; is the parameter space specified by Assumptions E and G, NC.1, NC.2 and
NC.3. By the definition of D, as shown in Lemma A.1, det(D) = det(Y(n)), where
n = (p1,p2,71,72), and Y(n) is a 2N x 2N matrix, with its (i, 7)th block, a 2 X 2 ma-

trix, equal to:
1 —
n if §=j
-7 1
Tii(n) = . (2.7)
[_plw”j ] if i

0 — P2W24j5

Compared to D = D(d), T(n) only depends on 7, without involving f#; and /5. Replacing
det(D) with det(Y(n)) in (2.6) implies the following alternative objective function, which
will simplify the derivation of the first-order conditions thereafter:

1 1 1
=——In|X — In|Y — —tr[DM.D'Y ! 2.
£1(6) = — gy S|+ I [T()| — 5ot DAL DS 2.9
where only the last part, —ﬁtr[DMzzD’ ¥:21], involves 1, B2. Based on the above expression,
we can derive the following first-order conditions for 6.
The first-order condition for L is:

L'S7HDM.D' —%.) =0 (2.9)
where D = D(5). The first-order condition for ¥ is:
DM.D' —%. =W (2.10)

where W is an Nk x Nk matrix (l;: = k1 + ko +2) whose ith k x k diagonal subblock denoted
as W;; is such that the diagonal entries of the upper-left 2 x 2 are zeros. Regarding the
lower-right (k1 + k2) X (k1 + k2) submatrix of W;;, all entries of the upper-left k; x k; and the
lower-right ks X ko are zeros. The rest of the elements of W are unspecified. The unspecified
elements of W correspond to the zero elements of ..

The first-order condition for p; is:

14Tn this paper, such normality assumption of €, is not required, as shown in both the theoretical analysis
and the simulation section, the QML method is robust for different underlying distributions of errors.
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N T
1 - 1 it [ . . .. 5
Ntr (T(n) ! Tp1> + NT Z Z i{;l%; (Git — Pr¥jrie — V1¥2ie — T14401)
=1 t=1 (2.11)
| NI it <) oo
- — “NGLY D =0
NT 2 & a8, (VR D

where ;s = Z;VZI Wyijlpst for p=1,2, G = (I, + L'S'L)~", and T, is the partial derivative
of YT(n) with respect to p;, which is a constant 2N x 2N matrix dependent only on weights
Wi. Specifically, the (i, j)th subblock of T, is a 2 x 2 matrix denoted by (Y,,);;, which
equals Ogx9 if 4 = j and (—wy45,0;0,0) otherwise.

The first-order condition for p, is:

N T
1 A\ — 1 Yoit , . P A B
Ntr (T(n) ! Tp2> + NT g E ) (Fait — Padizic — Yolie — Ty 52)

i=1 t=1

(2.12)
| N Finit 20 A8 p e 2
1 / IN— _
— ﬁ E E a-g wZGL Eee DZt =0
i=1 t=1 4

where T, is the partial derivative of Y(n) with respect to p, which is a constant 2N x 2N
matrix dependent only on weights Ws. Specifically, the (7, j)th subblock of T, is a 2 x 2
matrix denoted by (T,,);; and equal to Oz if i = j and (0, 0; 0, —wy;;) otherwise.

The first-order condition for ~; is:

N T

1 A\ —1 1 yzit . P JN A
Ntr (T(n) : T«ﬂ) + NT ;1 2 52) (91t — Prinie — N1Y2i — T1;51)
LN ; (2.13)
26t S AT I =1 1
- — NGLY "Dz =0
NT i=1 t=1 o1 “

where T, is the partial derivative of Y(n) with respect to 7, which is a constant 2NV x 2N
matrix. Specifically, the (7, j)th subblock of Y., is a 2 X 2 matrix denoted by (Y,,);; and
equal to Ogx if @ # 7 and (0,—1;0,0) otherwise.

The first-order condition for ~, is:
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N T .
1 o 1 y i oA
Ntr (T(n) L. TAYQ) + NT E E = 5 (U2it — Padfaie — Yot — oy 02)
i=1 t=1 22 (2.14)

where T, is the partial derivative of T(n) with respect to 7., which is a constant 2NV x 2N
matrix. Specifically, the (7, j)th subblock of Y., is a 2 x 2 matrix denoted by (Y.,);; and
equal to 0oy if @ # 7 and (0,0; —1,0) otherwise.

The first-order condition for f; is:

LN Ty | DTy
A A A NI ATIS—T A -
NT Z Z O_ixlzt Vit — Prijnie — V1Yot — Tbr) — NT Z Z z Ty NGL'Y D2, =0

i=1 t=1 i=1 t=1

The first-order condition for [, is:

N T
% ,Zl ; ;Zl‘m Goit — Padjait — Aolrir — ThiyB2) — L 2 ; ) $zzt¢,GL S.'D% =0
(2.16)

The above first-order conditions are useful in the derivation of the asymptotic properties,
including the convergence rate and limiting distributions of the QMLE 5. They are involved
neither in the proof of consistency nor in the computation of the QMLE. The QMLEs are
computed via the expectation maximization (EM) algorithm, which does not need to solve
these first-order conditions, but the EM solutions satisfy these conditions (proof is provided

in the supplementary material).

2.3 Asymptotic properties of the QMLE

In this section, I first show that the QMLE is consistent and then present its convergence

rates. Further, I provide the asymptotic representation and limiting distributions of the
QMLE.

Proposition 2.1. (Consistency) Under Assumptions A-G, when N,T — oo, for § =
(', 81, B3)', I have:

6 —0=0,(1)

1 N
= D I8 = Zall2 = 0,(1)
i=1
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In addition, if NC.1-NC.3 hold, I have:
| N
S SIS = Ll = 0y(1)
i=1

Remark 2.8. In order to derive asymptotic properties, I need to specify det(D), D~! and
DD™! where D is the high dimensional transformation matrix and makes the theoretical
analysis complicated. The number of incidental parameters goes to infinity when N,T — oo
brings additional complex.

Based on the consistency result, I further derive the rates of convergence of the QMLE.

Theorem 2.1. (Convergence rates) Under Assumptions A-G, when N, T — oo, I have:
5 — 0 =O0,(NTV2T=Y%) 4 0,(T~3/?)
| XN
N D I3 = Sall® = 0,(T7)
i=1

In addition, if NC.1-NC.3 hold, I have:
| N
= SIS I = Ll = 0,17
i=1

Remark 2.9. From Theorem 2.1, it can be seen that the QMLE of § is v/T-consistent
even when N is finite, implying that the QML method still works when N is finite. Under
fixed N, however, the asymptotic representation and limiting distribution of the QMLE will
change. Theorem 2.1 also implies that based on the result that §— 6 has a faster convergence
rate, the limiting distributions of vec(f/i — L;) and vech(f]z-i — ;) are not affected by the
estimation of § and are the same as those in the pure factor model without regressors. Thus,
in the following, I provide only the asymptotic representation of ) , excluding the estimated

loadings and variances.'®

15Bai and Li (2012) provide asymptotic representations and limiting distributions of the QMLE of the
loadings and variances.

18



In order to state the asymptotic representation of 5 , I introduce the following notation:

€1
QH ng . Ql6 €9
le QQQ Ce QQ6 3
Q= ; E=
R e . Eq
Q1 Q2 ... Qe €5
€6

where the details of each 2 and e entry are given in Tables A4 and A5, respectively, of
Appendix A. Then, I have the following theorem.

Theorem 2.2. (Asymptotic representation) Under Assumptions A—G, when N, T — 0o
and VN /T — 0, I have:

VNT (6 —8) = Q"W NTe + 0,(1)

Remark 2.10. The above expression is equivalent to:

pr—pi] B €1
P2 — P2 Qi Qi .. Qs €2
VNT ?1 N _ Qo1 Qo ... Qg V/NT €3 i op(l)
Yo — Yo €4
Bl — B Qo1 Qo2 .. Qo €5
_32 — B2 <6

From the calculation of Q and var(v/NTe) in the supplementary material, I show that
is symmetric and that Q = var(v/NTe¢), implying the following corollary.

Corollary 2.1. (Limiting distribution) Under the assumptions of Theorem 2.2, I have:
VNT(5 —6) % N(0,Q0m1)

where Qo = lim 0L
N—o00

Remark 2.11. To gain an intuitive understanding of the asymptotic expression in Theorem
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(2.2), consider the following simultaneous spatial panel data model without common shocks:

N

Yiie = Q13 + p1 Z WY1t + V1Y2i + V1 B1 + e

i—1

g (2.17)
Yoir = Qi + P2 Z WaijY2jt + VoYiit + Va2 + €2it

j=1

where ey, €9, V14 and vg; satisfy the same conditions as in Assumption C, but vy; and
Ui are assumed to be observable (kind of the regressors). Conditional on vy and vey, the
quasi-likelihood function of the above model (2.17), assuming normality of the errors (after
concentrating out aq; and ag;), is:

1 & 1 1
/ _ 2 2
£10) == 5 2ok = 5 2 ok + I Ad)
T
2N Z Z — (Y1it — prijie — NY2ie — V150 1)° (2.18)
i—1 t=1 Ol
L NIy
. . . ./ 2
- — Z Z —Q(yzit — p2diait — V1Y1it — Vgi32)
2N im1 t=1 02
W, 1
where A(n) = Iy — P, with P = Pt N , and gy is defined as in (2.11). Let
Yoln  p2Wa

0 = (1, P 1s 2 02, - 02, ..., 52y, 52y) be the QMLE of the above likelihood function.
It can be shown that (5 — 9) has the same asymptotic representation as in Theorem (2.2),
which implies that the QML method can help address the endogenous parts of x1;; and o,
as they are affected by the common factors.

Remark 2.12. From Corollary 2.1, it can be seen that the limiting variance of the QMLE
is not of a sandwich form, indicating that the QMLE is asymptotically efficient for simulta-
neous spatial panel models under cross-sectional heteroskedasticity. However, the situation
becomes different when homoskedasticity is imposed instead, where the limiting variance of
the QMLE would have a sandwich form. More details follow.

Consider model (2.2) but assume homoskedasticity. Then, the asymptotic expression for
the QMLE (estimating homoskedastic variances) becomes:

VNT (6 —8) = Q 'V NTE + 0,(1)

where 4 is the QMLE of § under homoskedasticity; Q! and & are defined in Table 6 and
Table 7, respectively, of Appendix A. Note that {2 and ¢ are different from {2 and ¢ in the
heteroskedastic case. More importantly, £ now involves e, and €3,,, while £ does not, imply-
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ing that the limiting variance of 5 — & will depend on the kurtosis of ey;; and es;;. However,
Q does not depend on such kurtosis, so the limiting variance of 6 — ¢ has a sandwich form,
unless normality of the errors is assumed. As shown in Corollary 2.1, the limiting variance
of the QMLE under the heteroskedasticity assumption is not of a sandwich form, regard-
less of normality. This is a meaningful finding, demonstrating two important advantages
of imposing the heteroskedasticity assumption. First, it makes the limiting variance of the
QMLE robust to the underlying distributions of the errors; second, it eliminates potential
inconsistency when homoskedasticity is incorrectly imposed.

2.4 Computation of the QMLE

To compute the QMLE, I propose a computing algorithm for the QMLE of model (2.2) com-
bining the usual maximization procedures with the EM algorithm. Let 0¢) = (), ﬂf), és), Le), Eg))
with ) = (p{¥, p§ 419 489) denote the estimated value at the sth iteration. My updating
procedures consist of two steps. In the first step, I update L, ¥, 81 and 35 according to the

EM algorithm:
T T

S° B0 [ 3 BGAe)] (219)

t=1 t=1

1
L+ — [_
T

»(+) — Dg [ DEM_D® — [+ [(56) "L D) D(s)f]

€€

(2.20)
— Dg [1N<k1+k2+2) _ s+ L(S)’(E;))—l} DN D
and
N T 1 .
s+1 . .
A = [0 el
=1 =1 (o)
N T ] N (2.21)
8 [Z > g L (y“t = iy wiiginge = 1 — /\ESH)/ft(S))}
i1 =1 (01 ) =1
N T 1 .
s+1 . .
B = [N it
o1 =1 (0 )
(2.22)

N T N
1 . . s . s) . s+1 s
X [Z Z —5+1))2$2it (y%t — P(z ) Z WoiY2jt — Vé )yut — l/)l( - )/ft )>]
7 j=1

i=1 t=1 (Ué

where Dg is the operator that sets the entries of its argument to zero if their counterparts
in E(e€)) are zeros; (007)2 is the [(i — 1)(ky + ks + 2) + 1]th diagonal element of &+,
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and (o™)2 is the [(i — 1)(ky + ks + 2) + 2]th diagonal element of ZE™; AT is the
transpose of the [(i — 1)(ky + ky + 2) + 1]th row of L&+ and 1/12-8“) is the transpose of the
[(i — 1)(Kky + ky + 2) + 2]th row of L&D, In addition:

L I
- > E(D4f]109) = DWM_DW'(£D) 1 L) (2.23)

t=1

24 24

T
1
Z E(fif10®) = I, — LE&(S)TLLE 4 L2 1DE M DE(SE)TILE (2.24)
t=1

and
£ = LO(sE -1 pe) 5, (2.25)

In the second step, 7 is updated by maximizing (2.6) with respect to n at 5, = B§S+1),52 =
ﬁfsﬂ), L = L6 and ¥, = 8™ with an initial value of 7 at n®). The two-step
procedure suggested above is a version of the Expectation/Conditional Maximization Ei-
ther (ECME) procedure in Liu and Rubin (1994). Combining these two steps, I obtain
gl = (s glth gletl) st $E+Y - The iteration continues until [|§¢+) — )| is
smaller than a preset tolerance.

This two-step iterative procedure guarantees that the value of the objective function (2.6)
in each iteration does not decrease. This is because in the first step, letting n = n(®) be fixed
and drawing on the standard theory of the EM algorithm, (for the inference, see Dempster
et al. (1977) and McLachlan and Krishnan (1997)), I have the following inequality:

L, B, BEHY oD Bty > £y, Y, 657, 0, B) (2.26)
In the second step, by the definition of n(**1) I have the following inequality:

E(n(s—i—l (s+1 75(S+1),@(5+1),2£§+1)) > 5(77(8)7 §s+1)’ §s+1),@(s+1)’2$+1)) (2.27)

In the supplementary material, I show that the limit of the iterated solution satisfies the
first-order conditions (2.9)—(2.16) and hence possesses the local optimality property.

In the simulation results reported in the next section, I use the within-group estimator

as the starting value for n(, il), ﬁél), ignoring the endogeneity problem and the common

shock effect. Then, let the initial values of L) and 2 be the maximizer of (2.6) given

n=nW, 8 =Y and B, = V.

3 Second approach: the IGPC method

In the second approach, I do not specify the model for the explanatory variables but allow
them to be arbitrarily correlated with the common factors, the factor loadings or both, which
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is more general than the model specification considered in the first approach. Regarding the
common factor f;, I treat it as parameter and estimate it directly instead of estimating its
sample variance as in the first approach. For this estimation, I propose an iterative approach
based on a generalized principal components (GPC) method. Furthermore, I derive a full
inferential theory of its estimator, the IGPCE, as in the first approach. Finally, I describe
the computation of the IGPCE. The simulation results are provided in Section 4.

3.1 Model description and assumptions

In the second approach, I study model (1.1) without specifying the model for the explanatory
variables. Using the same definitions of xy;, 225, 51 and By given in (2.2), I can rewrite (1.1)

as follows:
N
Yiit = Q1 + p1 Z WiiYije + VY2ie + TP+ Nife e
o (3.1)
Y2it = Qg + P2 Z Wai5Y25t + VelYrit + Ty B + Vi fy + €2u
j=1
e 0

Let o; = (Oélz', 0421'),7 Tjp = [ ] , B = (5{7 ﬁé),7 I = (Aiﬂ/h‘), and e;; = (elita ezit)’. I can

0 Zou
then rewrite model (3.1) as:

N
[ylit o Zj:l e = a; + B+ Tify + e

N
Y2it — P2 ijl W2i5Y25t — Y2Y1it

Using the same notation, n = (p1, p2,71,72) and Y(n), as in (2.7) in the first approach and
letting vir = (Y141, Y2ie)', model (3.1) can be transformed to:

N
STy = i+ @B+ Thf, + e (3.2)
j=1

Finally, let Y; = (v, Yors - -, Une)s Xo = (@16, T2rs -, o)’y @ = (af,05,...,a)y), T =

([, Ty, ...,I'n), and e; = (€}, €Y, - .., €y,)’. I can then rewrite model (3.1) in the following

matrix form:
T)Y,=a+XB+Tfi+e (3.3)

3.1.1 Assumptions

In addition to the assumptions made in Section 2.1.1 in the first approach, I impose the
following additional assumptions to facilitate the analysis in this second approach. Assume
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that there is a sufficiently large constant C' > 0 such that the following assumptions hold.

Assumption H: The explanatory variables z;; can be either fixed constants or random
variables for [ = 1,2. If xy; is fixed, T assume ||z;;|| < C for all ¢ and ¢. If zy;; are random
variables, I assume E(||z;||*) < C for all ¢ and ¢; in addition, z;; is independent of the
idiosyncratic error e,,;s for all (I,m,1,7,t,s).

Assumption H is newly imposed on the explanatory variables, since in this approach, I do
not specify a model for them. To analyze model (3.1), I need to make the above assumption.

Assumption A’.2: If f; are random variables, I assume f; is independent of e;; for all
t and s.

Assumption B’: The loading I'; can be either fixed constants or random variables such
that

B'.1 If T; is fixed, I assume that ||T|] < C for all i and +I"S_'T' — Qp. If T; are random
variables, I assume that E(||T;[|!) < C for all i and ~I"S2'T & Qp, where ¥, is
defined in Assumption C, and €r is some positive definite matrix.

B’.2 If I'; are random variables, I assume that I'; is independent of the idiosyncratic errors
ej¢ for all ¢ and j.

Assumption B’ is similar to Assumption B, but it is based on the new loading I', which
is part of the loading L in the first approach. Since L contains I', Assumption B.2 implies
Assumption B’.2 but not vice versa. However, Assumption B.1 cannot imply Assumption
B’.1, and vice versa.

Assumption E’: Compactness of the estimates.

E’.1 The variances o; and o9; for i = 1,2,..., N are all estimated in compact sets, i.e., all
variances oy; and oy; are estimated in an interval [C~!, C].

Assumption E.1 implies Assumption E'.1, since o1; and o9; are parts of ;. However, I
do not need the compactness assumption of the estimate of My here because in the second
approach, I estimate the factor f; itself instead of M. Moreover, the compactness of the
estimate of f; is not required due to the nature of this estimation approach.

To state the following Assumption G’, let & be the parameter space for I' and X,
satisfying the assumptions and NC (which will be included in the following Section 3.1.2):

1
S = {0 = ([,2.)|07 S0} S C.07 < of < O Vi LIS = Ir}

Assumption G’: One of the following two conditions holds:
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D
G'.1 For 81 # 0 and By # 0, the matrix D, = b 6 is positive definite on & for all

¢" D
N, where the k£ x k matrix Dy, 4 x 4 matrix D, and k x 4 matrix ¢ are all defined in
Appendix B.
G2 For all nt = (pl, pl, A0, 43,) € A; x Ay x A3 x Ay, with nf # 5, both M and D, are
positive definite on & for all N, where the 4 x 4 matrix M is defined the same as in
Assumption G.2.

Remark 3.1. The intuition behind Assumption G’ is similar to that behind Assumption G.
In addition, the first part of condition G'.2 involving matrix M is same as Assumption G.2.
However, Assumption G’.2 includes additional positive definite condition on D, because now
I estimate the factor f; itself instead of its sample variance, which introduces more incidental
parameters.

3.1.2 Normalization conditions for factors and factor loadings

As in Section 2.1.2; I introduce a set of NC to facilitate the inference analysis in the second
approach. Note that model (3.3) can always be written as:

Y)Y, = (a+Tf)+X8+TQ > QV2(f, — [) +e
N— —_—

+
o r 1l

where () = %F’E;&F, and f = %Zle f:. Using the definitions of of, I'T and ftT given in
the above expression, I can treat them as the new intercept, new loading and new factor,
respectively. Then, it can be seen that Z:il ftT = 0, and %FT’E;}FT = I,. Thus, without
loss of generality, in addition to NC.1 stated in Section 2.1.2, I can impose the following NC:

NC.4: %F’Ze_ell“ = I,, where X, is defined in Assumption C.2.

3.2 Objective function and first-order conditions

In this approach, I allow the explanatory variables xy;; and x5; to be arbitrarily correlated
with the loading I'; and factor f;. I treat both I'; and f; as parameters and estimate them
together.

Using the same definitions of §, 7, ¥, and T () as in the first approach, let F' = (f1, fo, ..., fr)
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and 0y = (§,1", Xee). I thus consider the following objective function in this approach:
. I

L3502, 0, F) = — SNT
t=1

(Y)Y~ o= X8~ T4) 52 (Y)Y~ o = X5 - T,)

1 1
——1In|X — In|T
2N nl €€‘+Nn’ (77)‘

(3.4)

The above expression can be viewed as the quasi-likelihood function by assuming the nor-
mality of e;;. Given 9,1 and X, it is easy to see that a and f; maximize the above function
L3562, a, F) at:

a="THnY - XB-Tf (3.5)

and ' .
fo= @S DTSN (Y ()Y: — XoB) (3.6)

> T - T 7 T . > .

Vzhere Y - %thlifh X - %Zt:lXta f = %Zt:lfh Yt = }/;f _Ya and Xt - Xt -
X. Substituting the above two formulas into £3(s, «, F') to concentrate out « and f;, the
objective function becomes:

T

£(03) = — 5o S (T2 = X8) N (YO)Yi — X8) — S [Sel + I X ()| (37)

where M = ¥} — S T(I'S'D) 'S = B — LYOITTS,! with the second equality
due to NC.4.
Let 0 = (9, T, iee) be the maximizer of the above objective function, defined as:

ég = argmax LQ(HQ)
02€02

where O, is the parameter space specified by Assumptions E.2, E'.1, G’, NC.1 and NC 4.

Based on the above L£5(6s), the first-order conditions for f; can be derived as following
(3.8)-(3.15). To compute 6y, I propose an iterative estimation procedure based on these
first-order conditions. Since the first-order condition for loading I'; involves the generalized
principal components (GPC) methodology, this estimation approach is referred to as an
iterative generalized principal components method (IGPC) and its estimator (IGPCE) is
denoted as 0 = (5 T, f]ee). The following are the first-order conditions for 6.

The first-order condition for I is:

NT

t=1

7 2 (T - .9) (Twm—xtﬁ)’] STV 39
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where V is a diagonal 7 x r matrix consisting of the first r largest eigenvalues of the 2N x
2N matrix Dr = =31 (T(ﬁ)Yt — XtB) (T(ﬁ)Yt - XtB>/i];el. Here, I' contains the r
eigenvectors associated with these r eigenvalues in V. Thus, the computation algorithm
using the above equation is referred to as the GPC method, where the word “generalized”

stems from the assumption of heteroskedasticity of the errors.
The first-order condition for o7, is:

T
. 1 ) . . s s 2\2
Ui' = T ; (ylz‘t — P1Y1it — Y1Y2it — xlutﬁl - /\;ft> (3.9)

and the first-order condition for o3, is:

v2_]_ T . o e “ . A V/V2 310
09y = T ; (y%t — Palioit — Volrit — Toyf2 — %ft) (3.10)
where 115 = Y1t — %Zstl Yiis, Y2it, T1;e and o9y are defined in a similar way; §1;; =

Z;-V:l w1ijY1je, and Yoz = Zjvzl WaijYa2jt; and
v o . . . 1. - . -
= S (X~ ) = S5 (Y- X0d)

The first-order condition for p; is:

T
1 NG
o S (1 W) W (T - XB) + {7 r, b =0 )
t=1
where T, is defined in (2.11) and M = ¥ =S (DS L)' DY =20 L1 pse

The first-order condition for p, is:

1

- % Z (sz : Yt) M<T(77)Y% - XtB) + %tr{T(ﬁ)_l : sz} -0 (3.12)

t=1
where T, is defined in (2.12). The first-order condition for v, is:

—_— 3 (0 ) W (T - %) + @ 1 =0 31y

t=1
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where T, is defined in (2.13). The first-order condition for 7, is:

1=

- %Z (0, ) W (T~ ) + @ 1 =0 31

where T, is defined in (2.14). The first-order condition for g = (81, 85)’ is:
1 o
7 > X <T(77)Yt - Xtﬁ) =0 (3.15)
t=1

More details about the computation of the IGPCE are given in Section 3.4. These first-
order conditions will be used in the derivation of the asymptotic properties of the IGPCE
in Section 3.3.

3.3 Asymptotic properties of the IGPCE

In this section, I first show that the IGPCE is consistent and then derive its convergence
rates, asymptotic representation and limiting distributions.

Proposition 3.1. (Consistency) Under Assumptions A.1, A’.2, B, C.1, C.2, D, F'.1,
E.2, F, G and H, when N,T — oo, I have:

00— =o0,(1)

1 N
~ D IS = Tall? = 0,(1)
=1
1

NP’MF = 0,(1)

where 6 = (0, B') = (p1, p2. 11,72, b1, B5), Liie = diag(o7;, 03;), and
M=% - S T(IVS D) S = 50 — LY ITTVE L

e

Based on the consistency result, I derive the rates of convergence.

Theorem 3.1. (Convergence rates) Let H = LV -YI'S ') (F'F). Under Assump-
tions A.1, A’.2, B, C.1, C.2, D, F.1, E.2, F, G' and H, when N,T — oo, I have:

5= 8 =0, (N")) + Op(N"V2T712) 4 O,(T )

N
1 - _ _
N D Sie = Siiel P =0, (N %) + O (T

i=

—_

I0; = HT|* =0,(N72) + O,(T ™)

WE

1
N 4
=1
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Remark 3.2. In the convergence rate for 4, note that there is a bias term of order O,(N71),
but there is no such bias term in the QMLE in the first approach. This bias term comes
from the additional incidental parameters involved in the treatment of the common shocks.
In this approach, I treat f; as parameter and estimate it directly, whereas I estimate its
sample variance instead in the first approach. Similarly, the extra term O,(N~?) included
in the average convergence rates for Y. and T; occurs for the same reason. Because these
extra terms depend only on N, the IGPCE is no longer consistent under fixed N, which is
different from the QMLE. However, it is still true that since 6 — § has a faster convergence
rate, the limiting distributions of Vec(f‘i —I';) and Vech(iiie — Yie) are the same as in the
case of no regressors.

Theorem 3.2. (Asymptotic representation) Under Assumptions A.1, A’.2, B, C.1,
C.2, D, E.1, E.2, F, G and H, when N,T — oo and VN /T — 0, VT/N — 0, I have:

VNT (6 —6+b) =D 'VNTE + 0,(1)

where § = (', 5) = (p1, p2, 11, V2, 51, 55)'; b, and & are defined as follows.

Let k= ky + ko and k = k + 4, and the k x 1 vector ¢ is defined as:

(S (X B+Tf) Qi Me, — S S (XiB+Tf)Q Meymy + @1

Zt 1<X B+ Fft) leMet — Zthl Z (X B+ Fft) Q,QMesﬂ'st + 0y

§= NT ST (X B+Tf)YQMe, — SN S8 (X8 +Tf,) Qs Meymy + 3

ST (X B+TF)YQMe, — S ST (XiB+Tf,)' Q) Mesmy + ¢4
St XiMer = YL, Y0 XM ey

where M = S0} — £STT'SC my = [U(F'F) ™ fi; Q= =T T(n) ™" Q2 = =T, T(n) ™"
Qs =-",T(n) % and Qi=-",,T(n) ', withall T, ,T,,, T, ,T,, being constant matri-
ces defined as in the first-order conditions (2.11)—(2.14) in Section 2.2. For p = 1,2, 3,4, the

scalar ¢, is defined as:

1 T

Yr = NT 2 e Qy X e

where @7 is an 2n X 2N matrix that is obtained by setting all the diagonal elements of @),
to zero. The k x 1 vector b is defined as:

NS T (I T) ] Nt QIE T
%tr[F Qg eeP( F)‘l] Fetr Q38T

b=D"! %tr[r TS0 | =D | S¢S,
L[S AT (IS )~ Lt QIS
| kal ] Okt
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The k x k matrix D is defined as:

D,+® o
9 Dy

D=

where the 4 x 4 matrices I,, and ®, the 4 x k matrix ¥ and the k& x k& matrix Dg are defined
in Appendix B.

Remark 3.3. There is a bias term b of order O,(+) in the IGPCE 5 due to the treatment of
the common shocks. The IGPC approach estimates f; itself instead of its sample variance,
which introduces more incidental parameters to the time dimension. As a comparison, the
first approach estimates the sample variance of f; instead, and its corresponding QMLE is
unbiased in terms of limiting distribution.

Remark 3.4. There is some connection between matrix D in the above theorem and D, in
Assumption G/. Note that all matrices X; (I = 1,2, ..., l%) involved in D, and (le,ng)
(p=1,2,...,k;;q = 1,2,... ko) involved in D are defined on the explanatory variables,
different only in the ordering and presentation. Thus, I can simplify D, (part of D,, which is
associated with the identification of 3) to Dg (part of I, which is associated with the limiting
variance of B) However, the matrix D, (part of D,), which depends on the explanatory
variables, does not equal I, (part of D), which depends on the dependent variables.

In the supplementary material, I show that D~'/2V/NT¢ 4 N (0, 1) under the same
conditions as in Theorem 3.2, which implies the following corollary.

Corollary 3.1. (Limiting distribution) Under the assumptions of Theorem 3.2, when
N, T — o0 and T/N — k> 0, I have:

VNT (5 = 8) & N(=t°, Qrape)

where Qjgpc = plimy 7, D™ and:

( [k tr[[VQIE ] )
]1{ r[[” QQ ee F]
b® = pth,T%oo D! ]1[ T[F Qg ee F]
ko tr[[VQIE T

\ i 0k:><1 1)

Remark 3.5. Regarding the limiting disribution, IGPCE has a bias term b° while QMLE
does not. In terms of efficiency, the limiting variance of the IGPCE is larger than that of the
QMLE when the explanatory variables indeed follow the specification in QML, as shown in
the supplementary material and such finding is also confirmed by the simulation results in
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Section 4. The better asymptotic performance of the QMLE compared to the IGPCE comes
at a cost: the QML approach restricts the model for the explanatory variables, whereas the
IGPC approach does not.

Bias-corrected estimator: Using the asymptotic representation of  stated in Theorem
3.2, I can construct a bias-corrected estimator for ¢ by substitution as follows:

0 =0+b

where b is the estimator of b by replacing all the true parameters 6,T', F, X, with their
IGPCEs 6,1, ', X... Then, I have the following limiting distribution for the bias-corrected
estimator 0*.

Theorem 3.3. (Limiting distributions for bias-corrected estimators) Under the
assumptions of Theorem 3.2, when N,T — oo and T/N — k > 0, I have:

VNT(5* = 6) % N(0, Qepe)

where Qape 1s defined in Corollary 3.1.

3.4 Computation of the IGPCE

Computation of the IGPCE involves an iterative procedure based on the first-order conditions
(3.8)-(3.15) in Section 3.2. In sth iteration, I update §(+1) = (T'(s+1), 2£Z+1),B(5+1),77(5+1)),
where 7571 = (p(s+1), p§5+1)7 %SH), ﬁésﬂ)) as follows.

In the first step, ¢ is computed as the first r eigenvectors associated with the first r

largest eigenvalues of the 2N x 2N matrix D = 7= ST < (7)Y, — XtB(S)> (T(ﬁ(s))Yt —
/ ~. —
X,30) (52) 7

In the second step, update 2&2“) according to:

T
s 1 1 . 5(s X (s+1) (s 2
+ T Z (ylzt - P1 ylzt - % )y2it - x/utﬁi ) — )‘z(‘ ! ),ft( )>
t=1
and
1 ¢ () () _ n(s+1y 7)) 2
(s 1 . (s) - . (s (s F(s
+ fz (fUta P2 szt Yo e — Loy — fi >
t=1
where 1.
J = T ()Y - X50)
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In the third step, update ST according to:
y (st N1 (st S\ -1
Bt = (X1 X%) (X1 1))

where E/['\(SH) _ (ngﬂ))q B %(igseﬂ))—1f(s+1)f(s+1)/(igz+1))—1_

In the final step, update 77D = (p\", s 3D 3 H)) bo Qirectly maximizing the
likelihood £ (65) (3.7) with respect to n at I = I+, 5, = 26 and 8 = A6+, Combin-
ing these steps, I obtain §(+1) = (D(s+1), i}é‘i“), B+ 7+ The iteration continues until
the distance ||§¢+Y) — §()|| is smaller than a preset tolerance.

In the simulation results reported in Section 4, similar to the QML approach, I use
the within-group estimator as the starting value for AU and (V). Then let D, 20 be
the solution according to the above first and second steps, given S, 7). The simulation
results show that the IGPCE performs well in finite sample and corroborate its asymptotic

properties, as derived in this paper.

4 Finite sample properties via simulations

In this section, I investigate the finite sample performance of both approaches by Monte
Carlo simulation. The simulation results reported in the following sections show that both
approaches work well and corroborate the inferential theories derived in this paper.

4.1 Data generating processes

I consider two different data generating processes (DGPs). Both DGPs follow the model
of the dependent variables in (1.1), but they use different specifications of the explanatory
variables. DGP1 generates the explanatory variables according to (2.1), while DGP2 does
not follow (2.1).

Specifically, both DGP1 and DGP2 generate the dependent variables according to:

N

Y1t = Q15 + P1 Z WYt + V1Y2ie + Tre 1 + N fr + €
j=1
N

Yoit = Qg5 + Po Z Wo; Y2t + V2Y1it + ToiPa + Ui fr + €au
j=1

((plv P2, 71572, ﬂla 52) = (027 027 027 027 1a 2))

where f; = (fﬂ, ft2)/, Ai = ()\11, )\12)/, and v; = (1/%1,1/12‘2)/- The variables aq;, ag;, Air, ¥y and
fu are all i.i.d. N(0,1). I generate the errors ey;; and ey with cross-sectional heteroskedas-

ticity. I set e; = /diag(ENe!, where ! is a 2N dimensional column vector with all the
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elements being (x3 —2)/2 independently, where Y3 denotes the chi-squared distribution with
two degrees of freedom, and normalized to zero mean and unit variance. In addition, = is
a 2N dimensional column vector, whose mth element is set to:

1_77m/

El =01+ U s m=1,2,...,2N

m

where 7, is drawn from UJ[0.1, 0.9], and ¢,, is the transpose of the mth row of I'; the constant
0.1 keeps the variance away from zero.

The spatial weights matrices W; and W, are generated based on the “g ahead and ¢
behind” framework, similar to that in Kelejian and Prucha (1999), Baltagi and Deng (2015),
among others. In the “q ahead and ¢ behind” framework, all the individuals are arranged
in a circle, and each individual is affected only by the ¢ individuals immediately in front
and immediately behind it with equal weight. Then, the weight matrix is row normalized
1 _16 I

to ensure that the sum of each row is equal to 1. Thus, the non-zero weight equals %

consider two setups of the spatial weights matrix, “1 ahead and 1 behind” and “5 ahead and
5 behind”, for both the QML and the IGPC approaches.

DGP1 and DGP2 differ in the generation of the explanatory variables, as explained in
the following.

4.1.1 DGP1

DGP1 generates them according to model (2.1) in the following specification:

/
Tiit = Vii + a107; fr + Vit

Toit = Vi + Aoy, [t + Vair, (ap =as =1)

where f; is the same as in the above model of y; ¢1; = (¢151, ¢1:2)’, and Po; = (Gai1, P2i2)’,
where ¢1;; = Ay + w1y and oy = Yy + ugy. All the variables vq;, v9;, uq; and ug; are i.i.d.
with N(0,1). T also generate the errors vy; and ve; with cross-sectional heteroskedasticity
by setting v, = /diag(Z*)e}, where €} is a 2N dimensional vector generated as in 51 ; 2 s
a 2N dimensional column vector generated similar to =f but I is replaced with I'*, where
= (I'7,5, ..., %), with I = (¢1;, ¢2:)-

16Tn the simulation, I set the cross-sectional dimension N to be larger than 2g, so the non-zero weight
under the “q ahead and ¢ behind” framework is always i. In practice, when N < 2q, then the weights
matrix under the “gq ahead and ¢ behind” is defined as follows: all the diagonal elements are 0, and all the

off-diagonal elements are ﬁ
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4.1.2 DGP2

DGP2 generates the explanatory variables based on DGP1 but with truncation (similarly to
Moon et al. (2014)), specified as follows:

Tt = [Vu + a1y, fr + Ulit] [Vli + a1y, fr + v > —3-5}

Tojt = [VQi + asdy; fr + U2it] [sz' + agdy; fr + vair > —3-5} ; (a1 =ay =1)

where the variables vy, ¢y, f; and vy, are the same as in DGP1. With truncation, the
explanatory variables are no longer a factor structure of common shocks f; as in model (2.1).

Remark 4.1. The errors in the above two DGPs are non-normal and skewed. I also consider
the cases when the errors have normal or student’s ¢ distributions. The corresponding
simulation results for both approaches are provided in the supplementary material.

4.2 Finite sample performance of the QMLE

In this section, I provide the simulation results of the QML approach based on the above
two DGPs and both setups of the spatial weights matrix.

In addition, since the number of factors r is usually unknown in practice, I propose a
likelihood-based information criterion following Bai and Ng (2002) to determine it in the
QML approach. Specifically, r is determined by:

7= argmin /C(m) (4.1)

0<m<rmaax
with

Nk+T _
zfv ;_ch In[min(NF, T)]

1 PO - 1

where k = ky + ks + 2, and (4™, L™, %™) are the QMLE of (1, L, %) when the number of
factors is set to m. In the simulation, I take DGP1, for example, and report the percentage
of r values that are correctly estimated by (4.1) (set rpa.x = 4) based on 1000 repetitions in
the third row of Tables 1 and 2. The results show that the percentage of correctly estimated
r values is very high and equal to or close to 100% for different combinations of (/V,7") and
different setups of the weights matrix. I then conduct simulations for the QMLE by assuming
that the true number of factors is known in both DGP1 and DGP2.

Tables 1-3 present the simulation results of the QMLE based on 1000 repetitions. Both
biases and root mean square errors (RMSE) are reported. From the results for both DGP1
and DGP2, I find that the biases are small and the RMSE decrease as the sample increases,
indicating that the QMLE performs well and is consistent. Moreover, the simulation re-
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sults corroborate the asymptotic properties of the QMLE derived in this paper. Additional
simulation results based on different distributions of errors (normal and student’s ¢ distri-
butions) are reported in the supplementary material, which confirm that QMLE has good
finite sample properties and is robust to different distributions of errors.

Table 1: The performance of QMLE under DGP1 & “1 ahead and 1 behind” weights matrix

N 25 50 100 25 50 100
T 50 50 50 [ 100 100 100
| %r=r | 99.8] 100.0] 100.0| 99.8| 100.0| 100.0 |
p1 | Bias | 0.0005 [ 0.0002 [ 0.0002 [ 0.0003 | 0.0001 | 0.0002
RMSE | 0.0070 | 0.0043 | 0.0027 | 0.0048 | 0.0030 | 0.0020
p2 | Bias | 0.0001 | 0.0002 | 0.0001 [ 0.0002 | 0.0000 | 0.0002
RMSE | 0.0043 | 0.0026 | 0.0017 | 0.0030 | 0.0019 | 0.0012
v | Bias | 0.0000 [ 0.0000 | 0.0001 | 0.0000 | 0.0001 | 0.0001
RMSE | 0.0035 | 0.0020 | 0.0013 | 0.0023 | 0.0014 | 0.0009
72 | Bias [ -0.0001 | 0.0005 | 0.0004 [ 0.0002 | 0.0003 | 0.0003
RMSE | 0.0057 | 0.0033 | 0.0023 | 0.0038 | 0.0025 | 0.0016
Bi | Bias | 0.0002 | 0.0000 | 0.0001 | 0.0000 | 0.0001 | -0.0001
RMSE | 0.0090 | 0.0059 | 0.0035 | 0.0065 | 0.0039 | 0.0026
B, | Bias [ -0.0001 | -0.0001 | -0.0001 | 0.0001 | -0.0003 | -0.0002
RMSE | 0.0101 | 0.0058 | 0.0037 | 0.0071 | 0.0041 | 0.0027
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Table 2: The performance of QMLE under DGP1 & “5 ahead and 5 behind” weights matrix

N 25 50 [ 100 25 50 100
T 50 50 50 100 100 100
| %r=r | 99.8] 1000 1000 99.8] 100.0] 100.0 |

1 Bias | -0.0001 | -0.0001 | 0.0003 | 0.0002 | 0.0000 | 0.0000
RMSE | 0.0150 | 0.0076 | 0.0050 | 0.0088 | 0.0056 | 0.0036
P2 Bias | 0.0002 | 0.0003 | 0.0001 | 0.0001 | -0.0002 | 0.0002
RMSE | 0.0083 | 0.0050 | 0.0033 | 0.0059 | 0.0036 | 0.0022
Y1 Bias | -0.0001 | 0.0000 | 0.0001 | -0.0001 | 0.0001 | 0.0001
RMSE | 0.0036 | 0.0020 | 0.0013 | 0.0023 | 0.0014 | 0.0009
Yo Bias | -0.0002 | 0.0003 | 0.0003 | 0.0001 | 0.0002 | 0.0001
RMSE | 0.0057 | 0.0033 | 0.0023 | 0.0039 | 0.0026 | 0.0016
b1 Bias | 0.0003 | 0.0000 | 0.0001 | 0.0000 | 0.0001 | -0.0001
RMSE | 0.0090 | 0.0058 | 0.0034 | 0.0065 | 0.0039 | 0.0026
Ba Bias | 0.0000 | -0.0001 | 0.0000 | 0.0002 | -0.0002 | -0.0001
RMSE | 0.0102 | 0.0058 | 0.0037 | 0.0071 | 0.0041 | 0.0026

Table 3: The performance of QMLE under DGP2 & “1 ahead and 1 behind” weights matrix

N 25 20 100 25 20 100
T 50 20 50 100 100 100

p1 Bias | 0.0015 | -0.0002 | -0.0001 | -0.0007 | 0.0002 | 0.0003
RMSE | 0.0098 | 0.0058 | 0.0038 | 0.0060 | 0.0041 | 0.0026
P2 Bias | -0.0011 | 0.0003 | -0.0001 | 0.0003 | 0.0003 | 0.0001
RMSE | 0.0070 | 0.0043 | 0.0030 | 0.0047 | 0.0034 | 0.0020
" Bias | 0.0006 | 0.0001 | 0.0003 | 0.0000 | -0.0005 | 0.0001
RMSE | 0.0058 | 0.0035 | 0.0023 | 0.0044 | 0.0024 | 0.0016
Y2 Bias | -0.0001 | 0.0008 | 0.0000 | 0.0005 | 0.0001 | 0.0002
RMSE | 0.0060 | 0.0053 | 0.0031 | 0.0056 | 0.0037 | 0.0024
b1 Bias | -0.0010 | -0.0024 | -0.0005 | -0.0027 | -0.0013 | -0.0009
RMSE | 0.0154 | 0.0118 | 0.0062 | 0.0103 | 0.0062 | 0.0046
Ba Bias | -0.0019 | -0.0017 | -0.0009 | 0.0004 | -0.0018 | -0.0014
RMSE | 0.0167 | 0.0098 | 0.0062 | 0.0110 | 0.0076 | 0.0052
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4.3 Finite sample performance of the IGPCE

In this section, I present the simulation results of the IGPC approach based on the above
two DGPs and both setups of the spatial weights matrix.

Similarly to the QML approach, I propose an information criterion adapting the ideas in
Bai and Ng (2002) to determine the number of factors r for the IGPC approach, specified
as:

7= argmin [Cy(m) (4.2)
0<m<rmax
with
[Cy(m) = —— i (0 [(67)?) + 1 [(63°]) — o In G + T in(NE, T
? 2Nk . % Nk ONKT ’
and

~m 1 Y ~m < m, . om \m/ fm 2
(o17)% = T Z (ylit = PV e — N Yoie — T B — NS )

t=1

T 5 N2
(o502 = = 3 (i — e — i — B — O )

t=1
where k = 2; (7™, B, B3, X", £ are the IGPCEs of (1, 81, B2, A, f;) when the number of
factors is set to m. Again, I set r,., = 4 and report the percentage of r values correctly
estimated by (4.2) based on 1000 repetitions for DGP1. From the results shown in the
third row of Tables 4 and 5, it can be seen that the percentage is high for most choices of
(N, T) (except small (N,T)) and setups of the weights matrix. Although the percentage is
slightly lower than that in the QML approach, it is a reasonably good choice in practice
when researchers prefer to allow the explanatory variables to be arbitrarily correlated with
the factors and loadings. Therefore, I assume that r is known in the simulation of the IGPCE
under both DGPs.

Tables 4-6 state the simulation results of the IGPCE based on 1000 repetitions. The
results show that both the bias and the RMSE of the IGPCE are small in terms of the sample
size and the magnitude of the true underlying parameters across different combinations of
(N, T) and different choices of the weights matrix. In addition, the RMSE of the IGPCE
declines as sample becomes larger, indicating that the IGPCE is consistent. Thus, the
simulation results indicate that the IGPCE works well in a finite sample.
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Table 4: The performance of IGPCE under DGP1 & “1 ahead and 1 behind” weights matrix

N 25 50 100 25 50 100
T 50 50 50 100 100 100
| %r=r [78.60% | 83.40% | 83.00% | 84.40% [ 86.80% [ 90.00% |
p1 | Bias [-0.0025 [ -0.0017 [ -0.0011 [ -0.0024 [ -0.0019 [ -0.0014
RMSE | 0.0118 | 0.0073 | 0.0049 | 0.0091 | 0.0071 | 0.0058
po | Bias [ -0.0011 | -0.0006 | -0.0005 | -0.0009 | -0.0006 | -0.0006
RMSE | 0.0071 | 0.0046 | 0.0032 | 0.0057 | 0.0035 | 0.0028
v | Bias | -0.0012 [ -0.0005 | -0.0005 | -0.0012 | -0.0009 | -0.0007
RMSE | 0.0066 | 0.0035 | 0.0026 | 0.0070 | 0.0037 | 0.0030
72 | Bias [ -0.0064 | -0.0030 | -0.0016 | -0.0052 | -0.0033 | -0.0027
RMSE | 0.0251 | 0.0155 | 0.0067 | 0.0215 | 0.0176 | 0.0108
B | Bias | 0.0002 [ 0.0006 [ 0.0003 [ 0.0006 | 0.0003 | 0.0003
RMSE | 0.0121 | 0.0073 | 0.0043 | 0.0080 | 0.0054 | 0.0033
By | Bias | 0.0035[ 0.0014 [ 0.0006 | 0.0024 | 0.0017 | 0.0011
RMSE | 0.0158 | 0.0097 | 0.0051 | 0.0130 | 0.0096 | 0.0055

Table 5: The performance of IGPCE under DGP1 & “5 ahead and 5 behind” weights matrix

N 25 50 100 25 50 100
T 50 50 50 100 100 100
| % rf=r [77.40% [ 87.80% | 86.00% [ 85.00% | 88.40% | 88.00% |
p1 | Bias [-0.0021 [ -0.0012 [ -0.0010 [ -0.0023 | -0.0014 | -0.0007
RMSE | 0.0186 | 0.0110 | 0.0073 | 0.0142 | 0.0084 | 0.0053
p> | Bias | -0.0010 | -0.0005 | -0.0002 | -0.0006 | -0.0003 | -0.0004
RMSE | 0.0123 | 0.0073 | 0.0047 | 0.0092 | 0.0051 | 0.0033
v | Bias | -0.0016 | -0.0007 | -0.0006 | -0.0012 | -0.0010 | -0.0007
RMSE | 0.0099 | 0.0038 | 0.0030 | 0.0058 | 0.0039 | 0.0026
v | Bias | -0.0061 | -0.0027 | -0.0017 | -0.0059 | -0.0030 | -0.0024
RMSE | 0.0236 | 0.0133 | 0.0074 | 0.0238 | 0.0137 | 0.0091
By | Bias | 0.0001 | 0.0004 | 0.0001 | 0.0004 | 0.0002 | 0.0002
RMSE | 0.0122 | 0.0074 | 0.0042 | 0.0080 | 0.0052 | 0.0031
B, | Bias | 0.0032 [ 0.0012 | 0.0005 | 0.0024 | 0.0013 | 0.0010
RMSE | 0.0153 | 0.0090 | 0.0049 | 0.0146 | 0.0077 | 0.0048
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Table 6: The performance of IGPCE under DGP2 & “1 ahead and 1 behind” weights matrix

N 25 20 100 25 20 100
T 50 20 50 100 100 100
p1 Bias | -0.0025 | -0.0009 | -0.0018 | -0.0011 | -0.0027 | -0.0017
RMSE | 0.0162 | 0.0126 | 0.0096 | 0.0106 | 0.0095 | 0.0068
P2 Bias | -0.0012 | -0.0014 | -0.0001 | -0.0006 | -0.0008 | -0.0003
RMSE | 0.0109 | 0.0086 | 0.0061 | 0.0099 | 0.0061 | 0.0043
ol Bias | -0.0020 | -0.0015 | -0.0021 | -0.0021 | -0.0007 | -0.0009
RMSE | 0.0096 | 0.0078 | 0.0055 | 0.0075 | 0.0046 | 0.0041
Y2 Bias | -0.0065 | -0.0046 | -0.0038 | -0.0036 | -0.0014 | -0.0026
RMSE | 0.0280 | 0.0150 | 0.0119 | 0.0231 | 0.0085 | 0.0101
b1 Bias | 0.0011 | 0.0028 | 0.0047 | 0.0022 | 0.0012 | 0.0012
RMSE | 0.0254 | 0.0173 | 0.0123 | 0.0151 | 0.0102 | 0.0076
Ba Bias | 0.0021 | 0.0022 | 0.0028 | 0.0014 | 0.0018 | 0.0002
RMSE | 0.0251 | 0.0166 | 0.0138 | 0.0185 | 0.0125 | 0.0102

4.4 Comparison of the performance of both approaches

A comparison of both approaches reveals that: (1), when the explanatory variables x are
correctly specified, QML performs better than IGPC, otherwise the superiority of QML is
weakened; (2), IGPC is robust for different underlying models of z.

Based on DGP1 when the model of explanatory variables is correctly specified in the
QML approach, I find that the bias of IGPCE is relatively obvious compared to QMLE
whose bias is close to zero. This finding is consistent with the inferential theory that IGPCE
has a bias term in its limiting distribution while QMLE does not. At the same time, the
RMSE of IGPCE is slightly larger than that of QMLE, implying that QMLE is more efficient
than IGPCE.

Based on DGP2 when the explanatory variables do not satisfy the specification as in the
QML approach but are still affected by the common shocks, QML performs slightly worse
than in DGP1, while the performance of IGPC is similar to that in DGP1. This implies
that IGPCE is robust to different underlying specifications of the explanatory variables,
while QMLE is more sensitive. In addition, the superiority of QMLE is weakened when the
explanatory variables are not correctly specified.

5 Some extensions

In this section, I discuss four important and useful extensions of model (1.1) with a brief
summary as follows: (1) models with additional explanatory variables, denoted x3;, which
affect both dependent variables y; and ys; (2) models with time-invariant and common
regressors; (3) models with spatial autoregressive (SAR) errors; (4) models with additional
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spatial lags: the dependent variable y; is affected not only by its own spatial lag but also by

the spatial lag of v, and vice versa.!”

5.1 Models with additional common explanatory variables

In model (1.1), I consider two different sets of explanatory variables x1; and o in the
y1ie and yo;; equations, respectively. In this section, I augment model (1.1) with additional
common explanatory variables, denoted x3;;, which affect both yy;; and yo, as follows:

N k1 k3
Y1t = Q15 + P1 Z W13 Y15t + V1Y2i + Z T1itpSip + Z Tainfa + N fr + €
j=1 p=1 =1

(5.1)

N k2 k3
Yoit = Q5 + P2 Z W2iY25t + VoY1t + Z T2itq2q + Z T3P + Vi fi + ean
j=1 q=1 =1

where z3;, (I = 1,2, ..., k3) are additional explanatory variables. I then propose both QML
and IGPC approaches for the above extension.

5.1.1 Extension 1 using QML approach

For model (5.1), I assume the additional explanatory variable zs; is also affected by the
common factor f; and follows the same factor structure model as (2.1):

Taig = Vs + O fr + vz, 1=1,2,... ks (5.2)

Then, the extended model combining (5.1), (2.1) and (5.2) can be rewritten as:

_ym — P Zjvzl WY1t — MYt — i1 — xgitﬁS_
Y2it — P2 Zjvzl WaijY2jt — YoYrit — Loz — Tifa
T1it =i+ LI fi+ €,
T2t
L L3it i
where z3;s = (Tait1, T3it2, - - - Taitks) s B3 = (P31, P32, - -+, P3k,)/, Which is similar for 8, and

U3it; M;r = (i, Qaiy 1y, Vg, 3)' L3 = (i Vi, Pri, P2is P34); an_d EL = (€1it, €21t Vi, Vnje, Vse)'-
Let 6T = (p1, p2, 71, V2, 81, By B4, B), kT = ki + ko + ks and kT = kT + 2. T can then rewrite
the above model into the same framework used in (2.4):

DY(6")zf = p' + LT f, + €] (5.3)

1TFor each extension, I discuss both QML and IGPC estimation methods with modification. The large
sample theory can be derived, but is much more involved.

40



where ZI = (ZL7 Z;h cee Z}L\ft)/ with Zth = (ylz‘t: Y2it, xllitv x/2it7 Igz’t)/? LT = (LL L; T 7L;rv>/v
pt = ('l ) and €f = ()€l €l). The new transformation matrix DT(d1) is

an Nk x NE' matrix whose (7, ) subblock, denoted by DT~(6T), a kT x kT matrix, equals:

)

(1 - -8 0 =]
- 1 0 =B -8
0 I, 0 0 if i=j
0O 0 I, O
DI (67) = - v (5.4)
? pw; 0 0 0 0]
0 —pawai; 0 0 0
0 0 0 0 0] ifi#j
0 0 0 0 O
L L o 0 0 0 O]

Similarly, I propose the QML method to estimate this extended model. In order to derive the
inferential theory of its QMLE, the key is to study the determinant and the inverse matrix
of the transformation matrix DT(§7). Then, a similar analytical approach can be used in the
analysis of the QMLE. Let n and T(n) be defined as in Section 2.2. Then, it can be verified
that det(DT(6")) = det(Y(n)). Let VT(6") denote the inverse matrix of DT(d"), which is an
Nkt x NE' matrix. Its (i, j)th subblock is denoted by V;}L, a kT x kT matrix, and has the same
expression as in Lemma A.2 of the supplementary material, with the same definition of F};
B 0 By
0 5 B
holds but with the preceding definition of 3T. Based on the preceding analysis, the inferential

but a different 57. Here, 57 = [ ] . Lemma A.3 of the supplementary material still

analysis for this extended model can be studied in a similar way as that for model (2.2).

5.1.2 Extension 1 using IGPC approach

In this approach, I consider model (5.1) without specifying the model for all explanatory
variables and propose the IGPC method.

! !
vy 0 x5 0

/!
Let z!, = [ ] , and 87 = (B}, 85, 8%, 81). Then, model (5.1) can be

/ !
0 @y 0 a3
rewritten as:

[Z/ut ! Zjvzl WY1t — V1Y2it

N = a; + 2} BN+ T)f + e (5.5)
Y2it — P2 ijl W245Y25t — V2Y1it

where all o;, I'; and e;; are defined as in Section 3.1. With the same 1 and Y (n), I can rewrite
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the above model into the form of (3.2) with the new xjt and Bf. Then, I propose the same
IGPC method for this extended model.

5.2 Models with time-invariant and common regressors

In applications, it is common to observe some time-invariant regressors (i.e., not varying with
t, such as gender, race and education in microeconomic earnings studies) and some common
regressors (i.e., not varying with individual 7, such as unemployment rates, aggregate price
index representing trends and other macroeconomic policy variables). Therefore, in this
section, I extend model (1.1) to include some time-invariant and common regressors using
both QML and IGPC approaches as follows.

5.2.1 Extension 2 using QML approach

In this approach, I allow the regression coefficients of the time-invariant regressors to be time
varying and the coefficients of the common regressors to be individual dependent (varying
with 4). In addition, I allow both z1; and z9; to be affected by the time-invariant regressors
r; and the common regressors p; using a factor structure specification. Specifically, I consider
the following extended model:

N k1
Yt = Q15 + p1 Z Wii5Y1jt + V1Y2it + Z T1itpBrp + rihae + TDE + A fe + €1
=1 =1
N )
Y2it = Q2 + P2 Z Wi Y25t + VeYie + Z ToitgPaq + Tihar + Topr + Vi fi + e2u (5.6)
=1 g=1

/ / /

T1itp = Viip + TiS1p + Mt + Oripft + V1ip, p=1,2,... .k
/ / /

Toitqg = Vaiq + TiSatg + NaiqPt + Poigft + V2itg, ¢ =1,2,... ko

where r; represents a vector of observable time-invariant variables, and p; represents a vector
of observable common variables.
The above model can be rewritten as follows:

N
Yrit — P1 ijl WiiY1je — VY2ir — i

Y2it — P2 ZNﬂ WaiY2je — VoYtit — Thy P2 et
. = pi + Ly fi + €
L1it

Tt
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T ’ ’ ;o ’ ’ ’ N/
where f! = (R, by, D}, Sy - - - » S1tky s S2t10 -+ Sot ko ft)', and

ri 0 71, 0 0 A,
oo g 00y
' 0 0 ny Iy ®r 0 1
0 0 n, 0 I, @1, &,

with 91, = (Mit, - - Mgk, ) and 192 = (N2i1, - - -, M2iky)-

The above model specification is similar to that in Section 2, with the difference that
some components of the common factors f,;r and some components of the factor loadings LI
are now observable. The QML method can still be implemented for this extension but with
modifications (for the observable components of fg and L;r, the QMLE does not estimate
them but fixes them at the observed value). The asymptotic properties of the QMLE can be
analyzed in a similar way as for the basic model (2.2), with attention to the fact that some
components of ftT and LZT are observable.

5.2.2 Extension 2 using IGPC approach

In this section, I do not specify a model for time-invariant or common regressors but allow
them to be arbitrarily correlated with the common shocks. In addition, I treat them as
explanatory variables with constant coefficients and specify the extended model as follows:

N
Yiit = Q15 + P1 Z Wi Y1t + VYei + 1B + 1503 + PiBs + N fe + exir

=1

N (5.7)
Yoit = Qg5 + P2 Z Wai5Y25t + VelYrit + Loy Bo + 154 + pifs + Ui fir 4 eanr

i=1

where r; is a vector of observable time-invariant variables, and p; is a vector of observable
common variables. The above model can be rewritten in the same form as (5.5) with different

! 0
definitions of !, and g: zf, = ,] and BT = (B, B, ..., 35). Again, I

Ty 0 10 0 p
0 b 0 77 0 p
propose the IGPC method for this extended model, and the corresponding inferential theory
can be studied in a similar way as in Section 3.

5.3 Models with SAR disturbances

In the spatial econometric literature, SAR disturbances have received much attention and are
considered an important part of spatial models. Based on model (1.1), which only considers
spatial correlations in the dependent variables, I now develop a more general model by
including additional spatial correlations on the errors (i.e., SAR errors) in the following
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model specification:

N N
_ / )\/ _ .
Yiit = Q15 + P1 WY1t + NY2it + T B1 + N fe + Urie, Ui = ™ MU + €1it
Jj=1 Jj=1
N N
_ / / _
Yoir = Qi + P2 Wi Y2t + VoUrit + T B2 + Wi fr + Ugie, Ui = T2 Ma;ijU2jt + €2t
=1 j=1

(5.8)

where my;; and my;; are spatial weights involved in the SAR disturbances. The above model
can be rewritten as:

Yie = aq + piWhYe + Yo + Xubi + A fi + Ury, Uy = m MUy + ey

(5.9)
Yor = ag + paWaYar + 1Y + Xopfo + W' fy + Uy, Usy = maMoUs; + e
where Y7, is an N X 1 vectors, defined as Y1, = (Y114, Y12t, - - -, Y1ne)’, which is similar for
Yor, a1, g, Uy, Uy, €14 and egy; Xy = (33111:, T12ty - - - ,xth)’ is Nxky; Xop = (-T21t> T2ty - - - >$2Nt)/

is N X ko; A = (A, Mg, ..., An); and W = (¢, 19,...,9¢N)". Both Wi and W, are N x N
weights matrices associated with the spatial effects of the dependent variables, while M,
and M, are N x N weights matrices representing the additional spatial correlations in the
errors. Baltagi and Deng (2015) consider the above model (5.9) without the common shocks
parts Af; and Uf,. Furthermore, they impose an error component specification instead of
the SAR structure and assume cross-sectional homoskedasticity of the errors, while I allow
cross-sectional heteroskedasticity here.!®

To transform (5.9) into the framework of (1.1), premultiply Iy — mM; on both sides
of the Yj; equation and premultiply Iy — mo My on both sides of the Y, equation. Then, I
obtain:

Vi =(aq — mMioy) + piWiYy + mM Y1 — prmi MuW Yeg + 71 Yoy — yami Mo Yoy
+ Xy — m M Xy + (A = mMiA) fi + ex

Yoy =(ap — maMaarg) + paWoYay + maMaYor — pamaMoWaYa; + 72Y1 — Yama MYy,
+ Xoy By — maMa Xot By + (U — ma Mo W) fy + e

(5.10)

Note that (o; — m M) is a free parameter, so I can treat it as a new ay, Similarly, treat
(A —m MiA) as anew A, (ay — maMaaws) as a new g and (U — moMyW) as a new W. Then,

18The error component specification in Baltagi and Deng (2015) is described as Uy = ¢; + €1;, where

o1~ i.4.d.(0,05,In) and ey ~ i.4.d.(0,02,In), for | = 1,2.
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(5.10) can be rewritten as:

Yii =y + pi WYy + miM Yy — prmi MOWA Y + Yo — yimi My Yo,
+ X — mM X B + Afi +en

(5.11)
Yor =g + poaWaYoy + maMaYoy — pama MaWs Yoy + 72 Y1 — yoma Mo Y1y
+ Xo1Bo — ma Mo X0 Po + WU fy + ea
This can be further rewritten as:
N N N N
Y1t =Q1; + 1 ( Z wlijyljt) + ( Z mm%ﬁ) — P ( Z Z mlijwljlyllt>
j=1 j=1 j=1 i=1
N N
+ Y1Y2i — V11 ( Z mlijy2jt> + 241 — ™ < Z mlijxlljt> B+ N fi + eri
j=1 j=1
N N N N (5.12)
Yoit =0Qlg; + P2 ( Z w?ijy2jt> + < Z m2z’j?/2jt> — P27 ( Z Z m2ijw2jly2lt>
j=1 j=1 j=1 1=1

N N
+ Yolrit — Y22 ( Z m2ijy1jt> + 29,82 — T ( Z m2z‘j$,2jt> Bo + Wi fy + eoir

j=1 j=1
Then, I analyze the above model using the following two approaches.

5.3.1 Extension 3 using QML approach

I assume that the explanatory variables follow the same model as (2.1). Then, combining
(5.12) and (2.1), I can rewrite this extended model in the same framework as (2.4):

where 67 = (py, p2, 71,72, 81, B, 71, 72)'; 2, 4, L and ¢ are defined in the same way as in
Section 2; and D(") is an Nk x Nk transformation matrix whose (4, j)th subblock, denoted
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T ; .
by D];(41), is defined as:

/

L+ p1mim Wi -MN -8 0
—V2 1+ pomomopwag 0 =65 .. . .
if 1=
0 0 Iy,
0 0 0 Iy,
D}, (6T) = (5.14)
dl,ij V171145 Wlmlijﬂi 0
V221244 d2,ij 0 Wzmm’jﬁé if i
0 0 O, 0
L 0 0 0 0k2
where dl,ij = —P1W145 — T1M1g5 + P1T1IM 15 W1k and d2,ij = —P2Wai; — TaMaij + PaTaM2ixWaxj s

and my;, is the ith row of matrix M; and wy,; is the jth column of matrix W, for [ = 1,2.
Note that model (5.13) is similar to model (2.4) but with a new ¢' (including additional
parameters 71, Ty due to the SAR errors) and a more complicated transformation matrix
DT(6"). The QML method can be easily implemented in this extended model. To develop
the inferential theory, similar to the derivation for model (2.2), the key is to specify the
determinant and the inverse matrix of DT(6"). Let nf = (p1, pa, 71,72, 71, m2)" and YT(n') be
a 2N x 2N matrix whose (4, j)th subblock, denoted by TI]- (n'), is a 2 x 2 matrix that equals:

(
1+ prmimywyg —M1 e .
if 1=
. —V2 1+ pamromigioyg
Ti(n') = (5.15)
dl,ij Y1145 it i
L Y2T2MM2;j ds i

where d, ;; and dy;; are the same as in the definition of DL((ST). Then, it can be verified that
det(DT(67)) = det(TT(n)). Furthermore, let VT(§T) be the inverse matrix of DT(§T). Then,
its (4, 7)th block, a (k + 2) x (k + 2) matrix (k = k; + ko) denoted by \/;;(5) has a closed

form, which is equal to:

/

Fl FLg
2 (A lf Z:J
(st 0 &
V(") = R (5.16)
(A BT,
L L0 Okxk

0
where = [501 5 ] , and Fjj is the (i, j)th 2 x 2 block of the inverse matrix of YT(n). The
2
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QML method can be used to estimate model (5.13), and the inferential theory can be studied
similarly to basic model (2.2), together with the preceding results for the determinant and
inverse of Df(nf).

5.3.2 Extension 3 using IGPC approach

In this approach, I do not specify the model for the explanatory variables.
Using the same notation as in Section 5.3.1, let T*(67) be a 2N x 2N matrix, with its
(4, 4)th subblock denoted as T;%(67), a 2 x 2 matrix that equals:

( ﬂi 0 if 1=
0 B
T (') = (5.17)

ij
[_Wlmlijﬂi 0 ] if Z'7§j

/
0 —7T2m21'jﬁ2

Then, the extended model (5.12) can be rewritten similarly to (3.2):
N N
DTy = i+ Y TE (S )ag + Tifi + e (5.18)
j=1

Jj=1

where y;;, x5, ;, I'; and e;; are defined as in (3.2); TL (n") is defined in Section 5.3.1. Then,
based on the above expression, the IGPC method can be applied in this extension.

5.4 Models with additional spatial lags

In model (1.1), 314 is affected by its own spatial lag only; likewise for ys;;. In this section, I
enrich model (1.1) with additional spatial lags in both y;; and y;; equations as follows:

N N
Yrit = Q15 + P1 Z WY1t + NY2it T P3 Z W3ijYaje + T B1 + Nify + €

=1 j=1
N N (5.19)
Yoir = Qi + P2 Z W2 Y25t + VeYrit + Pa Z Wyt + ThiyBo + U, fr + €2t
j=1 Jj=1

where yy;; is affected by the spatial lag of ys;, and yo; is affected by the spatial lag of 4y,
with ps3, ps being the additional parameters measuring the magnitudes of the spatial effects,
and W5 = (ws;;)nxny and Wy = (wyj) nxn being additional weights matrices. I analyze the
above model using both the QML and IGPC approaches as follows.
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5.4.1 Extension 4 using QML approach

I assume that the explanatory variables follow (2.1). Then, the extended model combining
(5.19) and (2.1) can be rewritten as:

DI(0)zy = pu+ Lf +& (5.20)

in the same framework as (2.4) but with a different transformation matrix DT(5) whose
(1, 7)th subblock is defined below:

(

1 -1 =B 0
-y 1 0 -5 e
if 1=
0 0 Iy, 0
; 0 0 0 Iy,
DL(5) = (5.21)
—p1wyy; —psws; 0 0
— ij i 0 0 e .
PaW4q45 P2W24;4 if i 7& ]
0 0 Ok,
0 0 0 Ok,

\
Again, I implement the QML method for this extended model, and the inferential analysis
of the QMLE can be derived in a similar way as for (2.2). In order to derive the inferential
theory of the QMLE, the key is to study the determinant and the inverse matrix of the
transformation matrix DT(§). Unlike (2.7), I define a new 2N x 2N matrix YT(n) whose
(1, 7)th block, a 2 x 2 matrix, is equal to:

.
1 —
n if i=j
; -7 1
Tij (n) = (5.22)
—P1W145  —P3W345 it i
[ | TPaWaij  —P2Waj

A preliminary step needed to conduct inferential analysis is to study the determinant and
the inverse of the new transformation matrix TZTj (n). With mathematical calculation, it can
be verified that det(D'(5)) = det(YT(n)). Let VT(5) denote the inverse matrix of DT(§),
which is an Nk x Nk matrix. Its (i, j)th subblock, denoted by Vg,
same expression as in Lemma A.2 of the supplementary material but with a different Fjj,
which now is the (i, j)th 2 x 2 block of the inverse matrix of YT(n).1

a k x k matrix, has the

9In this extended model, Lemma A.3 needs modification due to the new DT(8) and YT (n).
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5.4.2 Extension 4 using IGPC approach

In this section, I apply the IGPC method to the extended model (5.19) without specifying
the model for the explanatory variables. With the notation Y(n) defined in Section 5.4.1, T
can rewrite (5.19) as in (3.2) (with a new YT(n)):

N
Z Tjj (Myje = o + 2,8 + Tify + eq (5.23)

7j=1
Based on the above expression, the IGPC method can be implemented.

Remark 5.1. This paper considers a system of simultaneous equations with two dependent
variables y; and y,. It can be generalized to the multiple dependent variables case, i.e.,
Y1,Y2, - - ., Yp. Both the estimation and the corresponding inferential analysis could be studied
in a similar way but would require more mathematical calculation. This generalization
warrants further study.

Remark 5.2. In this paper, I assume that the diagonal elements of the weights matrix
w1y and woyy; are zero for all 4. This is a standard assumption implemented in the spatial
modeling literature. However, in practice, there are cases where the diagonal elements of
weights matrix are not all zero, for example, in an input-output matrix (in the production
network by sector level as in Ozdagli and Weber (2017)). Then, one can slightly modify the
definition of the transformation matrices D(¢) and Y(n) and still apply the QML and IGPC
estimation methods. The corresponding inferential theory needs modification according to
the changes involved in D(J) and Y(n). The asymptotic analysis could be conducted as
this paper with the same consistency and convergence rate but changes are needed for the
limiting distribution. To avoid replication of the analysis in this paper, this is left for future
research.

Remark 5.3. This paper considers a static case in the sense that the dependent variable
y; does not depend on its previous observation y;_;. However, in practice, there might be
cases when dynamic effects exist. In the trade and macroeconomics examples mentioned in
the introduction, this year’s GDP growth or trade growth might be affected by the previous
year’s values. Thus, it is potentially useful to study the dynamic case, where there are extra
dynamic lags on the right-hand side of model (1.1). Taking the 3, equation, for example,
there would be a dynamic lag y;,—1 on the right-hand side. The dynamic case of model
(1.1) combines four effects: spatial effects, simultaneous effects, common shock effects and
dynamic effects. Such a dynamic model would be useful for economic forecasting. Jointly
modeling the first three effects is already difficult; the extra dynamic effect would make the
analysis even more challenging. The dynamic case is studied in a work-in-progress paper.
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6 Applications

In this section, I apply model (1.1) to explore the relationship between trade and GDP
over time and across countries, taking into account spatial effects and global common shock
effects.

In the literature on international trade, it has been difficult to establish a robust rela-
tionship between trade and GDP, due to the endogeneity issue between them. Many studies
try to examine such a relationship using an IV approach. For instance, Frankel and Romer
(1999) use a geographic instrument for trade and find a positive effect of trade on GDP in
a cross-country setting. Such instruments are implemented by Irwin and Tervio (2002) and
extended by Noguer and Siscart (2005), Felbermayr and Groschl (2013), Ortega and Peri
(2014). Despite the importance of geographic instruments, as discussed in Winters and Mas-
ters (2013), they are time-invariant and thus preclude the use of panel data to analyze the
effects of trade. Then, Feyrer (2009) makes progress by proposing a time-varying geographic
instrument for trade. Based on a panel data model with simple additive individual and time
fixed effects,?® he finds that trade has a significant, positive impact on GDP, with an elas-
ticity of approximately one-half. However, as mentioned in Feyrer (2009), his IV estimates
are nearly identical to ordinary least squares estimates, indicating that his instrument is
doubtful. Regardless of the contribution on the endogeneity issue, common shocks are not
captured well by his model setup.

Instead, I apply framework (1.1) to model trade and GDP in a simultaneous equation
system and incorporate common shock effects using a factor structure. Such a factor struc-
ture can be regarded as a form of interactive fixed effects, which provides a flexible way to
control for potential serial and cross-sectional correlations. In addition, my model considers
the spatial effect (i.e., spillover effects across countries for both trade and GDP) implied by
gravity theory as noted in Helpman (1987) and Anderson and van Wincoop (2003).2! In this
application, the model is specified as follows:

N
Tradeit = Qy; + P1 Z wijTradejt + ’YlGD]Dit + ﬁlxm + )\;ft + et
j=1
N
GDP;; = ag; + p2 Z w;;GDPj, + v Tradey + Pawoi + Vi fi + €ait
j=1

where Trade; and GD Py are the log of total trade volume (export plus import) and the log

20Feyrer (2009) uses the real GDP per capita from the Penn World Tables, from 1950 to 1995 and cross
62 countries, with all estimation conducted on a panel with observations every 5 years.

21Similar spatial effects among firms due to cultural and social networks among firms as well as regional
trade agreements have been studied in Baltagi et al. (2008), Lawless (2009), Rauch and Trindade (2002) and
Defever et al. (2015).
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Table 7: Estimation results using IGPC for the case without x (* significant at 1%)

P1 P2 il V2
0.9597 0.7751™ 0.6326™ 0.1074*
(0.0146)  (0.0195) (0.0298) (0.0047)

Table 8: Estimation results using IGPC for the case with x (sx significant at 1%)

P1 P2 7 2 B B
0.9903* 0.5061** 0.5952** 0.0933** 0.1956** 0.9041**
(0.0332) (0.0043) (0.0853) (0.0336) (0.0118) (0.0207)

TotalTrade;;

Z;'V:l TotalTrade;; with

of GDP, respectively, for country ¢ in year ¢; weight w;; is computed as

TotalTrade;; being the total trade volume between country 7 and j.**

I investigate the above model in two ways, without explanatory variables and using
population as an explanatory variable (i.e., 14 = x9; = x; denotes the log of population
for country i in year t). Frankel and Romer (1999) adopt the same explanatory variable to

control for country size.?

Without explanatory variables, I find one common factor based on the information cri-
terion in (4.2). Given that r = 1, I estimate the model using the IGPC method; the results
are presented in Table 7.2* First, I find that trade and GDP are positively and significantly
affected by each other. Specifically, the elasticity of trade with respect to GDP () is ap-
proximately 0.6, while the elasticity of GDP with respect to trade (72) is much smaller,
approximately 0.1. By comparison, Feyrer (2009) identifies an elasticity of approximately
one-half of GDP with respect to trade using an IV approach, which is much larger. The
result in Feyrer (2009) might be less convincing, since the instrument is probably inappropri-
ate, the spatial effect is not captured, and only additive individual and time fixed effects are
controlled for. On the contrary, my model captures general interactive fixed effects through
a factor structure. Moreover, his panel runs from 1950 to 1995 with observations every 5
years, while the application here uses annual data from 1961 to 2013. Second, I find that
the trade volume of a country is positively affected by the trading parties’ trade volumes;
likewise for GDP. Specifically, the trade volume of a country can increase by almost 1% if

22Data source: Trade data and the weighting matrix (i.e. bilateral trade data) comes from IMF Directions
of Trade Statistics. GDP and population data is obtained from Penn World Table. The sample period is
from 1961 to 2013, with total 61 countries. In this case, N = 61 and T' = 53. Weights are constructed using
the bilateral trade data of the base year 1960, to avoid potential reversal causality. Both trade and GDP
data are inflation adjusted.

23Tn both cases of without and with explanatory variables, the model is identified, by Assumption G'.

24Based on the IGPC results, I did panel unit root check for the errors by various tests, and overwhelming
evidence rejects the hypothesis that the errors contain unit roots. Similarly for the case with control variable.
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the average trade volume of the trading parties increases by 1%; similarly, the GDP of a
country can increase by 0.77% if the average GDP of the trading parties increases by 1%.

With population included as a control variable, the estimation results and corresponding
findings are similar. Again, the information criterion in (4.2) implies that there exists one
common factor. The estimation results obtained by IGPC based on r = 1 are provided in
Table 8. Similar estimated results are found for coefficients (p1, p2,71,72). Additionally, the
estimates of 8, and 3, indicate that country size in terms of population has positive impacts
on both trade and GDP, with a larger impact on GDP: a 1% increase in population raises
total trade volume by 0.2% whereas it increases GDP by 0.9%. By comparison, Frankel
and Romer (1999) also find a positive impact of population on GDP but the magnitude is
smaller: a 1% increase in population increases GDP by approximately 0.35% based on a
cross-country study and an IV approach in a single equation setting.?

7 Conclusion

In this paper, I consider a simultaneous spatial panel data model, jointly modeling three
important effects: spatial effects, common shock effects and simultaneous effects. Under
joint modeling, there are many incidental parameters. Moreover, I take into account cross-
sectional heteroskedasticity, which gives rise to additional incidental parameters. To estimate
the model, I propose two different approaches, the QML method and the IGPC method. For
each approach, I derive its identification condition and develop a full inferential theory for its
estimators, including consistency, convergence rates and limiting distributions. The estima-
tors from both methods are consistent. There is a trade-off between the model specification
of the explanatory variable x and the asymptotic properties of the estimators for the two
approaches. The QML method requires the model specification of x, but the gain is that
its limiting distribution is unbiased (i.e., centered at zero) and more efficient (less variance
than that of IGPC); the IGPC method does not require the specification of x, but the cost
is that its limiting distribution contains a bias term and less efficient. Based on the limiting
distribution of the IGPC estimator, the bias-corrected IGPC estimator is obtained. Then, I
investigate the finite sample performance of both methods using Monte Carlo simulations. I
find that both methods perform well and that the simulation results corroborate the infer-
ential theories I derived in this paper. I also consider some extensions of the model. Finally,
I apply the model to analyze the relationship between trade and GDP over time and cross
countries, taking into account spatial effects and global common shock effects.

25The data used in Frankel and Romer (1999) are based on year 1985 only. In addition, Frankel and
Romer (1999) use trade share (i.e., trade as a percentage of GDP) instead of trade itself, to study how
openness affects GDP.

52



Appendix A Notation I

In this Appendix, I define the important notation used in this paper. Table Al includes the

definitions of important matrices.

Table Al: Some important symbols used in the paper

! /

Yie = (Y11t, -+ Yine Yor = (y21¢, - - -, Yant)
Y = (thae,-- - Gane Yor = (214, - - -, Jont)’
A= (A1, 2,...,AN) \I/=(¢17¢2,...,¢N)/

C1p = (P1ps P2ps- -, ONp)' Dap = (P1p, P2p; - -, Pvp)’

)
2/

€1t = (611t7 xR eth)/ €2t = (321t7 ) eQNt)/
Vie = (vi1g, - -, vine) Vor = (vair, .., vane)
Yiee = diag(o?y,. .., JfN) Yo = diag(o3,,. .., O’%N)

Ayy = diag(o3y + B1Z110181, - - - 0y + BIENNu1P1)
Aoy = diag(o31 + 855110262, - . ., 03N + BLENNv252)

P =1In—pW; Py =1In — poWs

Bz = (In —17%2PL 'Py )0 Boy = (In —172P; 'PL )7 !
Gy = W1 Bo P! Gy = WoBo Py !

Gs = 2B P, 1P ! Gy =71 B1oP; 'Ry !

Table A2 presents the definitions of scalars aq, ag, by, by, ¢1, 2 and matrices M; (i = 1,2, 3,4)
used in Assumption G.

Table A2: The definition of a1, as, by, ba, c1, co as in Section 2
a1 = 5y sz\; Z;‘V:Lj;éi [G1ij)* + [(W1Ga)iy)?
ay = 5 S SN | [(WaGs) )2 + (G2
b= g Yoity e gz |C1iiGaij + (W1Ga)i(Ba Py ')
by = s Sy SN i | (WaGs)i(Bia Py Y)ij + GayijGa
1= 55 Sy Yo s | (G2 + [(Baa Py )ig)?
Co = g Yoiey e i | [(BraPT i) + [Gaig?
M, = —W1G4T2ee + G151 C5Wh (o — p2) + CiZuee P " Bio(h — 22)
My = —$1.:G3W}) + WiG4XoecGh(p] — p1) + Bar Py 'SoecGh(1] — 1)
(

Mz = —Bo1 Py 'Soce + G3Z1.GWa(ph — p2) + GaZiee PT VBl (7 — 72)
M4 - _EleePfl/BiQ + W1G42266G£1(p{ - P1) + B21P27122BSG£1(’YI — 71)
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Tables A3 and A4 list the definitions of €2 and e, which are contained in Theorem 2.2.

Table A3: The detailed definition of 2
Q1 = [T (61416 + WiG1ARGW] )| - [£ T, (G10)?] + ]G3
Q3 = &tr| S (G1A11G§, + W1G4A22P2_1'B§1) — |2 5N G1,iGai| + 2tr|GsGy
Oy = Ltr|WoGs W, Gy Qg = %tr|BiaP] 'W1Gy
Q5 = 6 % Zf\;1 G1,ii%ii1 /03| Q16 = O1xks
Qa2 = Ftr[S2L (WaGaAnGIW] + G806 )| - [3 TN, (Goi)?] + [ 63
Qoy = +tr|25.0 (WngAnPfl/B{g + GzAzzGﬁl) -2 Zil G2,iiGa,ii| + +tr|G4sGo
Qo1 = 3 tr [W1G4W,Gs Qo3 = %tr|Bay Py 'WaGs
Qa5 = 01, Qa6 = By | % Ty Go,iiSiin2/03;
Qg1 = tr| T (G3A1lG’1 + B21P{1A22(GQW{> — | % 2L, G1uGsii | + #tr|GiCs
Q33 = +tr| 2L (GgAlng + BﬂP;lAQQP;l’Bgl) — | 25N (Ga.)?| + Ltr|G3
Q3o = %tr|WaG3Bn P! Q34 = %tr|BiaPy "By Py}
Q35 = B |+ Zfil Gs,iiZiiv1/0% | Q36 = O1xk,

Do = Lt

(S5 (W2G3A11Pf1/312 + G2A22Gﬁ;) — |2 5N Go,iiGuai| + Htr|GaGy
Qus = Ltr|950 (BHP;lAHP;“ng +GiAnGY) | - [2 28 (Gun)?| + Ltr|G2
Qi = Ftr|W1GyBo P! Qu3 = #tr|Boy Py ' Bio Pyt
Qus = O1xh, Qus = B3| & Siny GuiiDiinz /03,

51 = | % 2 GriiZiin1 /0% | B1 Qa2 = Ok1
Qo3 = | & 0 G /o3| B Dsa = Oy
Qs = & Sivy Tiinr /0% 256 = Ok ks
Qo2 = | % Xisy GoiiTiin2/0% | B Qo1 = Oy
Qo1 = | & Ziil Gua,iiDiiv2/05; | B2 Qo3 = Okyxa

1 N 2
Qo6 = 7 Dim Jiiw2/03; Q65 = Oka i

o4



Table A4: The detailed definition of € = (g1, ¢9,...,6)

e1 = nr S BiVEGh Siten + 57 Sor, BV G WIS ey,
i1 ore s enGAWIS L ere + 1 S €], Gy S e

2= mp Doy BV Gh omen: + mip iy BIVEGE WSS, Lea
g oy e GEWES s Leay + i Sor | ¢h,GY D5k eay

€3 = nip iy BAVa Py By Siers + mp Sopey BV GEE et
+ﬁ Zf:l eétpfllBﬁlzfe{eelt + ﬁ Zf,T:1 eﬁtGg/Efeleelt

1= 57 2oy BIVI PV BloSshen + wp Sor, BhV3Gh S5 e
i S e P B S ear + 5 oy €5,GY Do ent

€ = ﬁ Zf:l Vftzfeleelt

€6 = ﬁ Z?:l V2/t22_e1ee2t

where G = G — Gg, with Gg being a diagonal matrix whose diagonal elements equal the diagonal elements
of G, for p=1,2,3,4.

Tables A6 and A5 provide the definitions of  and &, which are involved in Remark 2.15.

Table A5: The detailed definition of &€ = (1,83, ...,&6)’
1= ﬁf’f 23:1 FiViiGher + ﬁo’% 23:1 BaVauGyWiew
+ﬁa§ 23:1 5 GyWien + ﬁgf Zthl e,Gers + wi
E2 = waa7 L1 BoVEGhear + 3y Loy BV GhWiea,
+ﬁgg Z?:l 1, G5 Wiea + ﬁgg Z?:l e5,G5 ear + wo
&3 = waa7 i BaVa s U Bhien + war Sisy BiVIGhen,
Jrﬁ"% ZtT=1 ehePy ' Bhien + ﬁa% 23;1 e1,G§err + ws
‘1= ﬁag 23:1 BiVi P Biyea + ﬁo% 23:1 B3V Gleat
+ﬁgg Zthl ey PV Blsear + ﬁgg Zthl e5,GY eas 4wy
5 = ﬁ 2?21 Wtzfeleelt
€6 = ﬁ ZtT=1 Vit Sgect

™
[}
|

where

wi = X T (G = #1(G)]( — 02), wo = S XL, [Gasi — £11(G2)] (B — 03)
wy = S S [Gaii = $60(Ga) | (63 — o), wi = T, XL, [ — +t0(G)| (63, — o)
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Table A6: The detailed definition of

- 2 -
%tl‘ 71% (GlAHGa + W1G4A22G£1W1/)“ — % {tr(Gl)“ + %tl‘ G%

_ %tl" %%(GlAllGé +W1(G4A22P2_1/Bél) — % tI‘(Gl)tI‘(Gg) + %tr G3Gy

ﬁtr W2G3W1(G4

Q14 = %tr Blgpl_1W1G4

N
ﬁi % Zizl Gl,iiziivl/U%

Q16 = 01k,

= Lulk (WgGgAuGgwg n GQAQQG;)} — 2 [tr(Gg)f + Lo _Gﬂ

%tr ?IE(WQGgAHPl_l/BiQ + GQAQQG&) — % tI‘(Gg)tI‘(G4) + %tl‘ G4Go

= %tr W1G4W2(G73

Qgg = %tr BQlP{1WQGg

01><k1

A N
Qo = 5& % Zizl GQ,iiEiiUQ/U%

=l }%(GgAHG’l + BmP;lAzQGgW{) — 2 [tr(Gy)tr(Gs) | + LG Gy

¥

r 2
= %tr 71% (GgAll(Gré + Bg]_P{lAQQPQil,Bél)“ - % ’},I’(G{g)“ + %tl’ ’VGZ%)“

= %tl" W2G3321P{1

034 = %tf 312Pf1321P{1

N
Bilw Yoict Gs,iiiw1 /o1

Q36 = O1xk,

= Ltr Uig(WgGgAllel’B’lz + GQAZQGQ) — 2 [r(Ga)tr(Gy) | + Ltr|GoGy

= Lr % (BwpflAHP;l’Bgz n @Ammﬂ — % [n(@@} Tilu [@3]

Q41 =

ﬁtr W1G4B12P1_1

Q43 = %tr Bglp2_1B12P1_1

Qus =

Olel

~ N
Quo = B | % i1 GaiiSiiv2/03

Q51 =

1 N 2
N Zi:l Gl,iiziivl/o’l

A

Q50 = Op;, x1

Q53 =

x Zfil Gs3,iiZiiv1 /07

A

Q54 = O, 51

=N S /o?

Q56 = Ok, xks

Qe =

x Zfil Go,iiZiiv2 /03

B2

Q61 = Opyx1

N
LS GuiiTiiva /03

B2

Qg3 = Ogyx1

=+ 38 Siie/o?

965 = Okz ><k?1

Table A7 provides the specifications of matrices @; (I = 1,...,4), which are involved in the
IGPC approach as in Assumption G’ and Theorem 3.2. Each Q); is a 2N x 2N matrix whose
(4, j)th 2 x 2 subblock @), ;; is defined as below.

Table A7: The specification of ();;; (I =1,...,4) involved in the IGPC approach

Ovii — Grij (W1Ga)is Ogii = 0 0
1,ij 0 0 ’ 2447 (WQGE})ij GQ,ij

Q15 = G?),ij (B21P2_1)ij Quii = 0 0
3,ij 0 0 ’ I (Bl2p1_1)ij G4,ij

where matrices G; for [ = 1,2,...,4 are defined in Table A1.
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Appendix B Notation II

In this Appendix, I first introduce the definitions of Dy, D, and (, which are involved in
Assumption G’, and then the definitions of the D,, ®, v and Dz matrices involved in Theorem
3.2. All these matrices are used in the IGPC approach.

Some matrices in Assumptlon G’: Dy, D, and (.

For p=1,... ki, let X (le, . XTp) be a 2N x T matrix, where
)N(tp = (Z11¢p, 0 Iutp, 0,...,%1Ntp, 0), Wlth a1t being the de-meaned version of z1;, defined
as T1itp = Tlitp— 7 ZS | Tlisp- Forp = ki+1, ..., kwith k = ky+ko, let X (le, .. XTp)
be a 2N x T matrix,where ti = (0, Zo1t,(p—t1)> O,$22t7(p_k1), oy 0, Zong (p—ky)) With j;%t’p is
defined as #1;4,. For p=(k+1),...,(k+4), let )’ZP = Qp—k(zzzl )~(qﬁ~q>, where 3, = By
for [ =1,...,ky and B = Boy_p, for | =k;+1,... .k Bach Q, (I =1,...,4) is a 2N x 2N
matrix, defined as in Theorem 3.2, with its specification presented in Table A7 in Appendix
A. Further, Dy is a k X k matrix defined as:

tr(X{MX,Mp) to(X|MXoMp) ... tr(X|MX,Mp)
1 [ te(XIMX Mp) te(X5MXoMp) ... te(X,MX,Mp)
Dy = —
NT : : - :
tr( X[ MX,Mp) tr(X|MX,Mp) ... tr(X,MX,Mg)

D. is a 4 x 4 matrix defined as:

(Xk+1MXk+1MF) (Xk+1MXk+2MF) e (Xk+1MXk+4MF)

Do L (X} s M X1 Mp) ¢ (Xk+2MXk+2MF) - (Xk+2MXk+4MF)
“ NT : _

tr()z,g+4M)?k+1Mp) tr()?]/§+4M)?k+2MF) Cen tr()ﬂ(ﬁ]/€+4MjZk+4MF)

( is a k x 4 matrix defined as:

tr( X, M X1 Mp) (XM XpoMp) ... to(X,MXaMp)

1 | te(XOM X Mp) tr(XOM Xy oMp) ... tr( XM X M)
C(=—~+ . . .
NT ‘ : . :

tr( X, M X Mp) to(XIMXoMp) ... (XM X qMp)

where My = Iy — F(F'F)"'F’, and M = ¥} — Ly TS}

sumption C.

with X.. as defined in As-

ee
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Some matrices in Theorem 3.2: D,, ®,9 and Ds. First, D, is defined as:

GV TAME] eV Vg ¥aMy]  te[VINIAYaMy]  te[V7 N Vi Mo]
1 VN ViMe] Vi VaMy] VN YoMy]  tr[VY 0y Y) M)
"UONT | [VINAYVIMp]  w]YiMagVaMp]  te[VINAYoMp]  tr[YiMagYiMp]

[V MgV Myp] e [VINI YoMyl te[V/ NgaVaMy]  tx[V! Ty Vs M)

where A = (A, Agy ., An)s W = (1,90, ..., 0n); My = S0 — S5 LANSTL My =
S — ESon WU Myy = —+ S AVS L and My, = —+5, L WA'STL, with both
Yiee and Yo, being N x N matrices defined as ¥ = diag(o?,0%,,...,05y) and 3o, =
diag(03,,03,,...,0%y). In addition, Y] is an N x T matrix whose (i,t)th entry is jjy;; the
N x T matrices Yg, Yl, Yg are defined similarly.

Then, ® is a 4 x4 symmetric matrix whose diagonal elements and upper diagonal elements
are denoted by ®;; defined as follows:

N
B 2 2 1 2 _
@ =~ |5 2(Cr) J+yule o p=t2a
1 2 Y 1
Py = Ntr[W2G3W1G4], D5 = N Z(Gl,z’i@&ii) + Ntr[G?»Gl]
=1
1 . 2 < 1
@14 = Ntr[Blgpl W1G4]7 (1)24 = _N Z(G2,iiG4,ii) + Ntr[(Gule]
=1
1 1
Qo3 = NtT[BmP{lM@GsL D3y = Ntl"[BHPleZlP{l]

where those N x N matrices G, for p = 1,2, 3, 4 are defined in Table A1 in Notation Appendix
I, with its (¢, j)th entry being denoted by G, ;;; those N x N matrices P, Py, By, Bo; are
defined in Assumption F.

The 4 x k matrix ¢ is defined as:

0 =10, )
with 1, being a 4 x k; matrix:
tr[}‘}l/MAXllMF] tr[}.}l’MAXuMp] N tl"[yvl/MAXlklMF]
9 — L tr[}/;M\yAXllMF] tr[YvQ/quAXmMF] N tI’[Y;M\pAXlklMF]
©ONT | Yy Ma X1y Mg tr[YJMAX1oMp] ... te[Yy MaX g, Mp]
tI‘D‘/{M\pAXHMF] tI‘D'/llM\pAXleF] e trl:}'/l/M\IfAXlklMF]
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and ¥, being a 4 X ko matrix:

tr[Y{ Mao Xon Mp] tr[Y{MagXooMp] ... tr[Y{MpgXox, M)
NT tr[}/;MA\nglMF] tr[YQ’MA\I,XQZMF] ce tr[YQ’MAq,szzMF]
tI'[lelM\nglMF] tI'D/l,M\pXQQMF] e tr[Yl’Mq,XszF]

where le is a N x T matrix whose (7, t)th entry is @1;, for p=1,2,...,ky; ng is defined
similarly for ¢ = 1,2, ..., ks.
The k x k matrix Dg is defined as

a b
. Ds D
b c
Dy Dj
where the k; X k; matrix Daﬁ is defined as
tI’[X{lMAXllMF] tI'[X{lMAXlgMF] P tr[XilMAXlklMF]
]D)a B 1 tr[X{QMAXHMF] tr[X{QMAXlgMF] e tr[X{QMAXlklMF]
NT : : . :
tr[X{klMAXllMF] tr[X{klMAX12MF] e tr[X{klMAXlklMF]
and the k; X ko matrix ]D)% is defined as
tl"[X{lMA\nglMF} tr[X{lMA\I;XQQMF] e tI[X{IMA\I;XQkQMF]
]D)b B 1 tI‘[X{QMAq;XglMF} tI‘[X{QMAq;XQQMF] . tI‘[X{QMA\I;XQkZMF]
NT : : :
tr[X{klMA\IIXQIMF] tr[X{klMA\IJXQQMF] e tr[X{klMA\ngkQMF]
and the ks X ky matrix Df is defined as
tI'[XélM\I/XglMF] tr[XélM\IJXQQMF] Ce tl"[XélM\pXQJQMF]
De — L tI'[X§2M\I/X21MF] tI’[Xéqu;XQQMF] . tI'[X£2M\I/X2k2MF]
NT : : :
tl"[XékQM\pXQIMF] tr[XékQM\I/XQQMF] Ce tr[XékQMq,X%zMF]
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Appendix C Some proofs

This appendix only includes the proof of consistency in Proposition 2.1 of QML approach.
The proofs of other propositions and theorems in this paper are provided in the Supplemen-
tary Material. The symbols introduced in Table Al and the following table will be used
throughout proofs.

Table A8: More symbols

Tl N &
G- L1500 GyN . G
J =" —TH) Sy =T(n)"!

From (A+B) ™' = A'—A"'B(A+B)~ !, Thave H = G(I,—G) ' and H+G = HG = GH.
From ¥, = LL' + X, I have

o2 =T - S+ U )T Y (C.1)

The above formulas will be used frequently throughout the appendix.

While in the main text, I use (4, L, X..) to denote the true value of the coefficients. For
proving consistency, I shall use a superscript “*” to denote the true values of parameters;
the variables without “*” denote the input variables of the likelihood function. This no-
tation is only used in Appendix A. Proofs of all the following lemmas are provided in the
Supplementary Material.

Lemma A.1. Let n = (p1, p2, 71,72) and Y(n) be a 2N x 2N matriz, with its (i, j)th block,

a 2 X 2 matriz, equal to
1 -
M=
72 1

Tij(n) = < ) (A1)
["’”"“ﬂ' ] if i

0 — P2Wa24;

Then I have det(D(9)) = det(Y(n)).

Lemma A.2. Let V() be the inverse matriz of D(9), then its (i, j)th block, a (k+2) x (k+2)
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matriz, denoted as V;;(0) has a closed form, which is equal to

) _
0 Iﬂ if 1=
k
Vii(0) = - - (A.2)
LA T
[ |0 kak_

0

2

where f = [601 ] and F;; is the (i,7)th 2 x 2 block of the inverse matriz of Y(n).

Lemma A.3. Let R = Y(n)(Y(n*))~t, which is a 2N x 2N matriz, then I can specify its
(i,7)th block, a 2 x 2 matriz, denoted as R;;, as following. For i = j,

Ry — I, (p1 = P1)Grii + (11— 1) G (1 = P)(WiGa)is + (11 = 77)(Bar Py )i
(p2 — p3) (W2Gs)ii + (2 — 73) (B2 Py s (P2 = 05)Goi + (Y2 — 73)Guaii
Fori # j,
R _ (p1 = P1)Grij + (11— 11) Gy (o1 = P})(W1Ga)ij + (1 = 71) (B Py )i
’ (p2 — p3)(WaGs)ij + (72 — 73) (Bia P 1)y (P2 = 05)Gaj + (72 — 73) Gy

where Wy and W are the weights matrices defined in Assumption E, and G, G, Gs, Gy, Py, P3, B1o
and By are defined in Table 1.
Furthermore, let D = DD*~! with D* = D(5§*), I have

([Ri Rap" -8 .
0 I Fi=1
k
]D)ij -
Ry Ryp™ L,
0; OJ ifi#j
L kxk
O *
where = 601 5 and §* = 501 e as defined in Lemma A.2; D;; is the (i,7)th (k +
2 2

2) x (k +2) subblock of D and R;j is the (i,7)th 2 x 2 subblock of R defined as above.

Lemma A.4. Let (p1, p2, 71,72, 57, 55) € A1 X As X A3 x Ay X A5 x Ag, where A; is a compact
set for alll =1,...,6. Under Assumptions A-F, uniformly on Ay x Ay X A3 x Ay X As x Ag,
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(a) Him + 0167 R,

< C, forallt,
7=1
A , P 1
(b) N z;‘ T Z; <ZRU (ejt+ B8vj) — B vit>ft = 0,(T™ ),
1 el « 2
© §2 7 Dl = B@l| =0T, forp=12.3.4
1 N1« 2
(d) N Zl ‘T Zl[épiteqzt — E(épiteqir)]| = O,(T71),  for (p,q) = (1,1),(3,1),(2,2), (4,2);
1 L1 < - ~ 2 .
© 72 |7 D et = E(Epivg)] =0T, for (pg) = (1,1), (3,1, (2,2), (4,2);

2

(f) %Z ‘% Z[épitéqit — E(&pitegir)]| = O,(T), for (p,q) = (1,3),(2,4);

=1 t=1
1 N N T 9
(g) F Z Z ‘f Z epztefﬂt epitéqjt>] = OP(T_1>7 Jorp,q=1,2,3,4;
=1 j: t=1
1 N N 1 T 9
(h) N2 Z Z ‘T Z[epiteqjt - E(épiteqjt)} = Op(T_l), forp=1,2,3,4 and q = 1, 2;
i=1 j=1 t=1
1 N N 1 T 9
() ¥ ‘f > lepivaje — E(epivgr)]| = Op(T™"),  forp=1,2,3,4 and ¢ = 1,2;
i=1 j=1 t=1
1 N N 1 T 9
) 72 > ‘f > lepinvgu — E(épitvqjtl)]} = O,(T7),
i=1 j=1 t=1

forp=1,2,3,4, ¢q=1,2 andl =1,2,... kg

where [, 5% are the same as defined in Lemma A.3; ¢f = (AL, UF), ¢F = (65, 05;); €1t =

Z;-V:l [Gl,ij<eljt + B v10) + (W1 Gy)ij(eaje + ﬁ;lv2jt)] , €25t = Zjvzl [(WQG?))z'j(eljt + B v150) +
Ga,ij(e2jt +B§/U2jt)] , €3ip = Z;VZI [GS,ij(eljt + 57 v1e) + (B21P271)ij(€2jt +6>2klv2jt)} , and €45 =

Zé\f:l [(BuPl_l)ij(61jt+ﬁf’v1jt)+G4,ij(egjﬁ—ﬁ’z“’wjt)} , where the matrices Gy, Gg, G3, Gy, Py, Py, Bia, By
are defined in Table 1.
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Lemma A.5. Under Assumptions A-F,

T
1 1
(a) 31618 Ntr []D)L* <?the;>]1)’2;;} 0p(1)
=1
| T
() sup| 55t [D (e — ZIDE] | = 0,(1)
=1
(c) 21618 —tr[[D)EEID)'E;] = 0,(1)

where D = DD* ' and ¥,, = LL' + X...

piWi il 1

'721N p2W2 5 A(U) — IQN - P(’f]) and R = A(n) (A(ﬁ*))

Lemma A.6. Let P(n) = [

Then I have

(RS R = S )(RELR = o) ) = tr( (RO R — Q) (ROLR' — )

Q ee 0 . .
where R is defined in Lemma A.3; Qe = (1) ] with Qe = diag(ody, 03y, ..., 02y)

2ee

and Qoee = diag(o3,,02,,...,02y); Q. equals Qc. with parameters evaluated at their true

values. In addition,

(p1 = P1)G1+ (11 —1)Gs, (o1 = PIWIGy + (11 —7) Bar Py

R = IQN - * * —1 * *
(p2 — p5)WoGs + (v2 —73) B2 Py 7, (P2 = p3)Ga + (72 —75) Gy

where matrices Py, Ps, Bia, Boy and G; (1 =1,2,3,4) are defined in Table A1 with parameters
evaluated at true values.

Proof of Proposition 2.1: Consider the following centered objective function:

L) = —i1n|z = 1n|D|—itr[DM Dy
N N A3)
k42 '
R s

Note that the term (5 In|E%| — 4 In|D*| + £2) is a constant as it does not depend on
any unknown parameters and is for the purpose of centering. By D*Z, = ®*f; + ¢, and the
identification condition f = 0, I have

T

D*MZZD*’:E;JrL*( thet> ( Z%)L*% Zetet )&,

t=1
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where ¥ = L*L* 4+ 3* and € = %Zle ¢;. Then I get
M. = D 'SE D" 4 R, (A.4)

where

T T
x—1 7% 1 */— *— 1 */ Tyk/—
R= DL (T;fte;)D’ LD (S Y a) LD

T
1
+ D*fli Z(EtE; _ Z:E)D*lfl _ D 1——/D*/ 1
t=1
Substituting (A.4) into (A.3),
L(0) = L1(0) + L2(0), (A.5)
where
L1(0) =— L In|X..|+ i In|D| — itr[DD*_lZ* D*‘“D’E‘l]
2N N 2N = =
1 1 k—+ 2
—In|X| - =In|D*| + —
+ oISy - x| D7+ 7
and

1
L5(0) = —Wtr[DRD’E;].

—~
?>
D

S—

Since § maximizes £(0), I have £(0) > £(6*), implying £1(8) > L£1(0%) + L5(6%) — L1(6).
By Lemma A.5, T have sup |£s(6)] = 0,(1), and then [£5(6%) — Lo(8)] > —2sup |Lo(0)| =
60 90

—|op(1)|. Given this result, together with £,(6*) = 0, I have
L£1(8) = ~Jop(1)]. (A7)

With notation D = DD*~!, T rewrite £(f) as

A 1 . 1 R oA
k‘ 2
+—1n|z*|——1 |+ 2

With the definition 3., = LL' + S, I have |S..| = |Xe| - |1, + L'S;'L|. Thus,

A A

N
In S| =In|Se| +In|L + YL =) (In [Siie| + In [Sii|) + In |1, + L'EVE
=1
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Similarly In |2% | = 32N (In |25, [+1n |25, |)+In |+ L¥ ¥ L*|. Notice that [, +L*S5 1 L*| =
O,(N), so uniformly on O,

N N
1 . 1 1 . . 1
——— 2.+ —In|X | = —— In 2] + In |20 In |2 In |2
v 22l gy I = g D S+ InfSil) + g D |l + I )
1 f o a In(N)
————In|I, + L'S2YL
2N n|7"+ €€ |+Op( N )

Next consider the term ﬁtr[]ﬁm*&]ﬁ)’i;], which can be written as, in view of X =
I* L*/_'_E*

€e)

By the Woodbury formula 32! = 32! — S ULGL/S !
be written as

R P S R PN U GRS VSN N
iy = S DR DS — et DEDS LGLSLN) £ i — i, say

With the definition of D and calculation, I get

, 1 LS * N — 1 o » * * AN —
3= ﬁ ;;tr<R Z]jeR’/LjEHﬁ) + W ;tr<<Ruﬁ ' — B) zw( uﬁ ' ﬁ ) Z”;>
N
Foe > > (RuyfS558 RS0 + 5ot Z S5

=1 j=1,j#1

where R;; is the (i, j)-th subblock R. Now we show is = 0,(1) uniformly on ©. To see this,
by the boundedness of f]u and Yf, DX* 'S s less than26 C’llf))]ﬁ)’ for some C7, which is

further less than C)CyIn(42) for some constant Cs, as shown in the proof of Lemma A.5
(c). This result leads to iy < C1Coghtr[L'E LG = O,(N71).

Given the above results, together with the fact that In|D| — In|D*| = In|DD*"!| =
In |D| = In |R|, T can rewrite the £;(6) as

N
L,(0) = D (I [Sie] + In[Eii0])

=1

N
1 .
(In |3 In |X — —In|,+L'YS"YL
g Ill ue‘—i_ H’ zzv) 2N n’T_'_ €€ ‘
N

|

S
M= 5\**
M=1
2% z\

@
Il
—

<
Il

tr <RUE*]6 i Az:e) < Mﬁ*l ) uv( “5*/ B ) izw)

=1

26For matrices A and B, I say A < B if B — A is a semi-definite positive matrix.
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1 - . - .
_Q_Z Z tr(Rijﬁ*/Z;jvﬁ*R;] ;e>——tr[zzm m]

L5 A k+2
_ DL LS + =l — > A.
ol S IR+ = = o, (1) (A8)

Notice that the term —5% SN Z]‘ (R > RS ) + +In |R| is equivalent to

] jgetvig Tite

— %tr[}zz* R + o In |RY RS + ;v ZEN;(IH Siie] — In [25.)) (A.9)
Substituting (A.9) into (A.8), I can rewrite £;(0) as
£1(0) = —{%tr[ﬁz;ﬁz’ieg] - —ln RS RS — 1} {%tr[DL*L*’D/i;]}
(e o (R - it - 1520 - o z z (RS, R 5
[ S (28,50 — 25,5000 — )} = L I + EEE} > oy 1)

i=1

In the above equation, all the expressions in the braces are non-negative, so each expression
must be 0,(1). From the first five expressions, I have

1 ~ A A
mtr[RE;‘eR’Ee_;] - — ln IR RSN —1=o0,(1) (A.10)

g: ( ”B*, ) zw( mﬁ*/ 5)2”1]):01)(1) (A.ll)

IIMZ

N
LN Z (R 25,8 RS5E) = 0(1) (A.12)
Jj=1,3

1 N
Z ( i zzv —In |Ezzv vl T k) = Op(l) <A13>

=1

2N
1 AT % T %/ S —
ﬁtr[]D)L LD’ = 0,(1) (A.14)

First consider (A.12). For 8} # 0 and g5 # 0, by definition of g* = (81, 55) and the

and Y., there exists a positive constant ¢ such that X% 8* > ¢ and

boundedness of X% Jjv

v
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51 > ¢l,. Then together with (A.12), T have
LA 2NN
= > tr(Ri]B*’E;‘]vﬁ*R;]E;e> D tr(RZ]R;J> >0
i=1 j=1,j#i i=1 j=1,j#i

which implies that
N

1 A oA

e PN CEARLID (a15
i=1 j=1,j#i
By the expressions of R;; in Lemma A.3, I have
T
_ D/
Op(l) _ﬁ Z Z 'tr(RURZ]>
i=1 j=1,j#i

=(pr = p1)?ar +2(p1 — p}) (1 — )b+ (=) (A.16)

+ (2 — p3)*az + 2(p2 — p3) (2 — 13)b2 + (2 — 75)ca
=N —n") My (7 —n")

where the 4 x 4 matrix M, is defined as in Assumption G.1, and a,, by, ¢, for (p = 1,2) are all
scalars, and their definitions are given in Table A2. Based on the above equation, together
with Assumption (G.1), I have the consistency 7 — n* = 0,(1).

Next consider (A.10), which can be written as

1
— [ PRY RS — —— In SRS RS — 1 =0,(1
] |~ 5l |~ 1=0,(1)
Let I; (i =1,2,...,2N) denote the eigenvalues of the 2N x 2N matrix 2;81/21%2;1:2’2;61/2.

By the boundedness of 7 and 3., there exits some large constant C' such that [; € [C~1, C]
for all 7. Together with the fact that  —Inz — 1 > {5 (z — 1)? for all z € [C™1, C], T have

1
0p(1) =gt (S V2RY RS — 1n|2 V2RY RISV —1
_L > (li—Inl—1)> Li %(z- —1)2 = ! Hz V2R R'STH? — Ly?
2N & T = 40PN 4C?2N N
implying

HE V2R R'S7V2 — Ly|)? = 0,(1)

which is equivalent to
1
ot (SV2RYE R'STH? — L) (S72REE R'SH? — L) | = 0p(1)
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can be further written as

1 — DY T S —1/ Dy D S N —
St (SRR = ) S (RS R = S.) S22 = 0,(1)

ee
By the boundedness of ﬁliie, there exists come constant ¢ such that f]e_el/ 2 > clyn. Then

1 A A A A A A A A A
0p(1) =gt S AREL R = S (RELR - S8,
U [ i o s o e PRNIPO
> 4_t |: E* /o Eee E* / Zee :| — 4~ Z* / Zee 2
>t ot [(REL Y~ Sa) (SR~ $0)] = ¢SRS — Sl > 0

implying .
ﬁHRZ:eR/ - Zee”2 = Op(l) (A-17)

By Lemma A.6, the above equation is equivalent to
SRR = 0l = 0,(1) (A1)
2N
Let U = RO, R' — Qee, together with Lemma A.6, T have
U=, — Q. +H
where H = —HQ?, — Q: H' + HQ? H', and

i— (h1 = p1)G1 + (51 —77)Gs, (b1 = P1)WAGa + (51 = 71) B Py
(2 — p3)WaGs + (52 — 73) Bra Py, (P2 = p3)Ga + (52 — 713) G

where matrices Py, Py, Bia, Bo; and G; (I = 1,2,3,4) are all evaluated at true parameters.
Then (A.18) can be further rewritten as

~ 2
op(1) = tn [(9; — O, + diag(H) ) ] 1= 7)) — 57 = + ey

where the 4 x 4 matrix M is defined in Assumption G. Note that both m; and m, are non-
negative, therefore I have m; = 0,(1) and my = 0,(1). Combining the result ms = 0,(1) and
Assumption (G.2) implies that 7 — n* = 0,(1), which further implies H = 0,(1). Plugging
these results into m; = 0,(1), together with the boundedness of variances, I get the average
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consistency for the variances:

(01 — 013)" = 0p(1)

==

@
Il
,_.

(A.19)

(03 = 63,)°

= op(1)

==

=1

The consistency of i) = (p1, 2,71, 72) implies that the 2 x 2 subblock R;; — I, for all
i. Plug this result into (A.11), I prove the consistency that Bl — B7 and Bg — B5. Now
consider (A.13) and (A.14), which are the results corresponding to the pure factor structure
part. Using a similar way as in Bai and Li (2014a), I can show from (A.13) that

Z v zw = Op(1> <A20>

Combining the results (A.19) and (A.20), I have

~ Z 125 — Z517 = 0,(1) (A.21)

The last claim of Proposition (2.1) can be proved from (A.14) together with NC.1-NC.3 and
first order condition of L, using a similar approach as in Bai and Li (2014a). This completes
the proof for Proposition 2.1. [J
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