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Introduction

In this paper, we explore the effects of financial markets on international trade. Researchers have recently documented significant differences in the structure and function of financial markets across countries.1 Much of this research explores how such
differences can affect the level and growth of economic activity, but little touches on
the question we address, namely, how financial markets affect the balance of trade in
goods across countries.2
Our main results show that incomplete markets lead to trade imbalances. We look
at a world where, when markets are complete, countries engage in balanced trade; and
we show that when some of those markets are absent, trade imbalances emerge. We
explore and distinguish between markets that are incomplete across countries, that
is, where risky assets do not span national income, and markets that are incomplete
within a country, that is, where assets do not span all individual household income
streams.
When markets are incomplete across countries, we show that, for a small open
economy, the more highly correlated national income with internationally traded risky
assets, the lower the trade deficit. The intuition is straightforward. The more highly
correlated national income is with risky assets, the more a country can hedge nationalincome risk. But reduced risk also means reduced return, so households reduce consumption, which reduces the trade deficit.
Even if markets are complete across countries, market incompleteness within countries can still lead to trade imbalances. The logic is that more-complete markets
lead to better risk-sharing across individual households; better risk-sharing results in
lower demand for precautionary saving; lower demand for precautionary saving leads
to higher consumption in period zero and thus to a higher trade deficit in period zero
and a smaller deficit (or larger surplus) in period one.
In the paper, we also make some contributions to the theory of incomplete markets
and to the theory of international trade in financial assets. First, in Section 3, we
extend Svensson’s (1988) laws of comparative advantage for international trade in
assets to economies with heterogeneous agents. Second, in Section 4, we show that
the R2 of a regression provides a useful measure of market incompleteness both for
countries and for individuals.
The remainder of the introduction consists of a discussion of the real-world rele1

See Levine (2004) for a survey of the literature on financial markets and growth, which argues
that significant differences exist in both the level of financial market activity and its character, that
is, whether it is market or bank-based.
2
Boyd and Smith (1992) and Gertler and Rogoff (1990) are exceptions to this.
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vance of our theory and a brief literature review. Then, Section 2 outlines the model.
Section 3 defines and proves laws of comparative advantage for risky and riskless
assets. Section 4 characterizes the trade deficit. Section 5 provides some concluding
thoughts.

1.1

Literature review

This paper draws on both the literature on international finance and the literature
on incomplete markets.
This paper builds on work on international trade in financial assets. Svensson
(1988) and Obstfeld and Rogoff (1996) prove laws of comparative advantage for
trade in assets for representative agent economies. In Section 3, we extend these
results to heterogeneous agent economies with incomplete markets. Errunza and
Losq (1985; 1989) use a model with exponential utility and normal returns to explore questions about market segmentation. Their model differs from ours in that
households consume only in period one, and all income risks are spanned by risky
assets. Adler and Dumas (1983) provides a classic survey of issues in portfolio choice
and asset pricing in an international context. Many other authors have used market
incompleteness to explain the joint dynamics of consumption and income (Baxter and
Crucini, 1995), but the focus of this paper is the level, rather than the dynamics of
consumption and income.
The results in this paper also extend work in the incomplete markets literature.
(See Geanakoplos (1990) for an introduction.) Demange and Laroque (1995) lay
out the basic model used in the paper and prove some fundamental results about
risk-sharing. Willen (forthcoming) looks at the effects of new financial markets on
consumption and welfare. Allowing trade in a risky asset amounts to opening a new
market for the country or countries in question, so some of the results in this paper
bear a resemblance to results in that paper. Elul (1997) proved that addition of a
new financial market always reduces the price of the riskless asset in an incompletemarkets exponential-normal model, a result that plays a key role in Section 4.2.
Gertler and Rogoff (1990) prove a related result. They consider a rich and a
poor country, each with firms that face moral hazard problems in borrowing. They
show that if rich-country borrowers can self-finance more easily than poor-country
borrowers, then the moral hazard problem is smaller in the rich country and capital
will flow from the poor country to the rich country, creating trade imbalances.

3

2

Basic model

The model is a standard two-period exponential-normal general equilibrium with incomplete markets model. (See Demange and Laroque (1995) and Willen (forthcoming) for more on these models.) The assumptions of exponential utility (Condition
1), and normally distributed endowments and asset payoffs (Condition 2), common in
the literature, enable us to solve the model analytically but also lead to well-known
shortcomings. In our case, the main shortcoming is that exponential utility implies
that absolute tolerance for risk is unaffected by the level or variance of consumption,
meaning that when a country goes from autarky to international trade, its appetite
for risk stays the same despite the fact that both the level and the variance of consumption change.

2.1

Description of the economy

There is one consumption good; two time periods, t = 0, 1; H households in the
world, h = 1, ..., H; and G countries, g = 1, ..., G, where a country is a collection of

households, h ∈ g.3 A consumption path is a random vector C h = c̃ht t∈{0,1} . All
agents have time-additive, separable, von Neumann-Morgenstern utility functions,
and our first important condition is that the period utility function is exponential.4
Condition 1 All agents have exponential utility.
" 1
#
X


−1
t
U h C h = E0
(δh ) h exp −Ah cht ,
A
t=0
where Ah is the coefficient of absolute risk aversion and δh is the subjective rate of time
preference.

P
Let Ag = (1/H g ) h∈g 1/Ah be the harmonic mean of household absolute risk
aversion in country g, A be the harmonic mean of absolute risk aversion for the
(Ag /Ah Hg )
world, and δ g = Πh∈g δh
. Variables with a “g” or “h” superscript refer to
country- and household- level quantities, respectively, and similar variables without

any superscript refer to global quantities. Household endowments, are yth t=0,1 , Yt
3

Each person is a member of a country. A country could be composed of a single household.
The basic asset pricing and portfolio selection results do not depend on the exponential formu− E(uh′′ (c̃h ))
lation. If one replaces Ah in the formulas with E uh′ c̃h 1 , the coefficient of global absolute risk
( ( 1 ))
aversion, one can still get simple formulas. However, the consumption formulas and the behavior of
the economy with innovations are no longer so simple.
4
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is the H dimensional vector of period-t endowment, and per capita country-level
endowment is ỹtg .
There are J + 1 assets: (1) J risky assets, which pay off x̃ , and (2) a riskless
J×1

asset, which always pays off one dollar with certainty, x0 = 1. Let x̃ be the Jdimensional vector of risky asset payoffs.


Let the vector of endowments and asset payoffs be Φ = ye11 . . . ye1H x
e1 . . . x
eJ .
Condition 2 Asset payoffs and endowments are distributed jointly normally:
Φ ∼ N (E (Φ) , S) ,
where S =

"

Ξ
β′

β
Σ.

#

The covariance of asset returns and income shocks β is a key ingredient in the analysis that follows. Let β h , β g and β be the J-dimensional vectors of covariances of
household income for household h, average household income for residents of country
g, and average household income for the entire world, respectively.
We allow individuals to trade some country-specific subset J g of the risky assets,
meaning that they choose a J g -dimensional portfolio of risky assets ω h and invest ω0h
in the riskless asset. We assume that individuals have no endowments of securities
and that there are no limits on ω – unlimited short sales are possible.5 Consider
a perfectly competitive economy in which consumption goods prices are normalized
to be one, the price of the riskless asset is denoted by π0 , and risky asset prices are
denoted by π ∈ RJ .
P
P
Country-level security holdings are ω0g = h∈g ω0h and ω g = h∈g ω h . Note that
these are not averages but total holdings.
The budget set is:


PJ
h

c
+
ω
π
=
y
0
0 


j=0 j j

PJ
h
h
h
h
B (π0 , π) =
ct , ωt t∈{0,1} ∋ c1 = y1 + j=0 ωj x
.
ej




ωjh = 0 if j ∈
/ Jg
Unless otherwise
noted, we assume that all households can trade all assets. An


equilibrium π, C h , ω h h∈H is a price vector and a consumption profile such that:
(1) Each household optimally chooses within her budget set and (2) Markets clear:
P
P
P
for all t: h∈H c̃ht = h∈H ỹth and h∈H ω h = 0.

Obviously, if an asset is not included in set J g , then individuals in country g cannot trade the
asset at all; however if j ∈ J g , then there are no restrictions at all.
5
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Trade in assets

In this section, we calculate a country’s trade balance for assets, showing that we
can analyze international trade in assets using standard comparative-advantage arguments. Specifically, Proposition 1 shows that if the autarky price for country g of
a risky asset j exceeds the world price, then country g imports risky asset j; and the
more the autarky excess return exceeds the world price, the more country g imports
risky asset j. Proposition 2 shows that all else being equal, the higher the autarky
price of the riskless asset, the more a country imports the riskless asset – that is, the
more a country saves.
Before we go on, we introduce one more piece of notation. It will often be convenient to measure the price of an asset as the excess payoff over the riskless asset,
which, in an abuse of terminology, we will call the excess return. So, we will often use
π
the J-dimensional excess returns vector P whose representative element is E (x̃j ) − π0j
– the difference between the return on an investment of πj in asset j (E (x̃j )) and the
π
return on an investment of πj in the riskless asset ( π0j ).
We follow the custom in the international trade literature, as in, for example,
Dixit and Norman (1980), and we characterize country-level demand for assets in
terms of global and autarky prices, where the autarky price is the price that would
prevail in the absence of any international trade. We denote the autarky prices for the
risky and riskless assets π0g and π g , respectively, and the autarky excess return vector,
Pg . We also follow the international trade literature in referring to our formulations
of national demand for assets as “laws of comparative advantage,” drawing on the
intuition that if a country has comparative advantage in a particular asset, then a
relatively low price for that asset will prevail in autarky, and that country will export
the asset.
Proposition 1 (Law of comparative advantage for risky assets) Household demand
for risky assets is as follows:


E (x̃) − ππ0


h
h
−1
ω =Σ
− β = Σ−1 P/Ah − β h .
(1)
h
A

Risky asset demand for country g is as follows:

H g −1 g
H g −1
Σ
(π
−
π)
=
Σ (P − Pg ) .
(2)
π0 Ag
Ag


The autarky equilibrium price is π g = π0 E (x̃) − Ag β g , and Pg = Ag β g . The global


equilibrium price is π = π0 E (x̃) − Aβ , and P = Aβ.
ωg =
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Proof: The first-order conditions for the household optimization problem are:

= δ h E uhC e
ch1 ,




ch0 = δ h E uhC e
ch1 E (x̃j ) + δ h E uhCC e
ch1 cov e
ch1 , x̃j ,

π0 uhC ch0
πj uhC



(3)
(4)

where equation (4) comes from the definition of covariance and Stein’s lemma. Divide
E u h (e
ch
1)
equation (4) by equation (3) and note that − E uCC
= Ah to get:
h e
h
c
(
)
1
C


πj 
(1/Ah ) E (x̃j ) −
= cov e
ch1 , x̃j j = 1, ..., J.
π0

(5)

Substituting in the period-one budget constraint yields equation (1). To solve for
prices, average equation (5) across all traders, and use the fact that in autarky,
c̃g1 = ỹ1g and that in global equilibrium, c̃1 = ỹ1 . To get equation (2), average equation
(1) across h ∈ g, and use the fact that β g = Pg /Ag .
What generates a high or low autarky price of asset j and thus makes a country
import or export risk? Assume there is a single risky asset. Proposition 1 leads us
to focus on the level of βjg and on risk aversion. Specifically, a higher βjg – a high
covariance of average income with the risky asset – means that a country already has
considerable exposure to that asset, and high supply of risk leads to a low price or a
high excess payoff, making the asset attractive to foreigners and leading to exports.
Higher risk aversion implies higher disutility of risk at any level of exposure and thus
leads to a lower autarky price and a high excess payoff, for any risky asset.
What happens with more than one asset? If the additional asset is orthogonal
to all the other assets, then it is easy to see that the single-asset law of comparative
advantage will hold. If all assets are orthogonal (if Σ is diagonal), then the law of
comparative advantage holds in the strong sense. In general, comparative advantage
holds in a weaker sense. Specifically, equation (2) implies that:6
ω g · (π g − π) ≥ 0.

(6)

Equation (6) does not imply that the law of comparative advantage holds asset-byasset or even that there is a correlation between the excess return differentials and
holdings. However, in the literature, this is typically interpreted as a “tendency” (See
Svensson 1988), so we interpret equation (6) to say countries with high autarky prices
of a given risky asset tend to import that asset.
Now, we consider the balance of trade in the riskless asset.
Solve for (P − Pg ). Then equation (2) implies that ωg · (P − Pg ) =
positive semi-definite, this must be positive.
6
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Ag g′
g
H g ω Σω .

Since Σ is

Proposition 2 (Law of comparative advantage for the riskless asset) Riskless asset
demand for country g is as follows:




Hg
1
π0g
ωg
1 X Ah
g
h
h
ω0 =
ln
− (E (x̃) + π) g + g
var c̃1 − var c̃1,g
(7)
1 + π0 A∗g π0 |
{z H } H h∈g 2
|
{z
}
(1) Effect of risky
(2) Effect of risky
assets on variance

assets on mean

and
π0g

g

g



A
= |{z}
δ exp |{z}
(1)

(3)

y0g
|

E (ỹ1g ) +

−
{z

}

(2)



1 X Ah
h
var c̃1,g .
H g h∈g 2
|
{z
}

(8)

(4)

Proof: Because x̃j and e
ch1 are normal, the first-order condition for the riskless asset
(equation (3) is as follows:



 
π0 exp −Ah ch0 = δ h exp −Ah E e
ch1 + var Ah e
ch1 /2 ,

which implies that:



Ah
1
π0
E e
ch1 − ch0 =
var e
ch1 − h ln h .
2
A
δ

(9)

Summing equation (9) across h ∈ g and using the household budget constraints and
the autarky equilibrium conditions that y0g = cg0 and ỹ1g = c̃g1 , yields π0g . Substituting
the household budget constraint into equation (9) gives country-level demand:



Hg
1
1 X Ah
1
g
g
g
h
g
h
ω0 =
y − E (ỹ1 ) + g
var c̃1 + g ln δ − (E (x̃) + π) ω )− g ln π0 ,
1 + π0 0
H h∈g 2
A
A
|
{z
}
Ph∈g Ah (var(c̃h1 )−var(c̃h1,g ))
= A1g ln π0g + H1g
2
which implies equation (7) as shown

What can we say about the trade balance in the riskless asset? Unlike Proposition 1, Proposition 2 does not yield an immediate prediction on the direction of
trade. However, using the budget constraint and household portfolio demand from

Proposition 1, and the fact that Σ−1 β h x̃ = E ỹ1h |x , we get



var c̃h1 = var ỹ1h − E ỹ1h |x + 1/Ah Σ−1 Px̃ .


Since x̃ must be orthogonal to ỹ1h − E ỹ1h |x , equation (10) implies that:


2
var c̃h1 = var ỹ1h − E ỹ1h |x + 1/Ah P′Σ−1 P.
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(10)

(11)

Equation (11) implies that:
g

 1 ′
1 X Ah 
h
h
g′ ω
var
c̃
−
var
c̃
=
(P
+
P
)
.
1
1,g
H g h∈g 2
2
Hg

(12)

Equation (12) implies that both terms (1) and (2) in equation (7) are proportional to
the demand for risky assets. Therefore, we can analyze the demand for the riskless
asset conditional on some given level of demand for the risky assets: first, if ω g = 0,
then a country imports the riskless asset if the autarky price of the riskless asset
exceeds the world price; second, conditional on a given ω g , a country will import
more of the riskless asset the higher the autarky price.
What determines the autarky price of the riskless asset? Four things: (1) higher
expected income growth leads to a lower autarky price; (2) a higher subjective discount
factor leads to a higher autarky price; (3) the effect of absolute risk aversion is ambiguous. If the terms inside the brackets sum to a positive (negative) number, higher
absolute risk aversion leads to a higher (lower) autarky price. However, absolute risk
aversion affects the sign of the sum of the terms, further muddying interpretation; (4)
higher sum of household variance of consumption, weighted by absolute risk aversion
leads to a higher autarky price. Term (4) plays a central role in our analysis of the
trade balance in goods, so we defer discussion to Section 4.

4

Trade in goods

Now, we show how incomplete markets affect the balance of trade in goods. Proposition 3 below uses the laws of comparative advantage for risky and riskless assets
(Propositions 1 and 2, respectively) to calculate the trade balance and the gains from
trade using only absolute risk aversion and the autarky and global asset prices. We
analyze Proposition 3 in two steps. First, we consider risky assets that enable countries to share risk with one another. We do this by looking at countries with different
autarky excess returns (different Pg ) but the same autarky riskless rates (same π0,g ).
Second, we examine risky assets that enable households within a country to share
risk. We do this by looking at countries with the same autarky excess returns (same
Pg ) but different autarky riskless rates (different π0,g ).
Proposition 3
Ag
Hg
π0
ω ′ Σω + π0
ln g ,
g
2(1 + π0 )
(1 + π0 )A
π0
 H g π0
1
= E (c̃g1 − ỹ1g ) = T D0g + g P′ Σ−1 P − Pg′ Σ−1 Pg − g ln g ,
A
A
π0

T D0g = cg0 − y0g =

(13)

T D1g

(14)
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and:
GF T
where GF T g =

P

h∈g

g

=

T D0g

H g 1 + π0g
+ g ln
,
A
1 + π0

(15)

GF T h , and GF T h solves



U h ch0,g + GF T h , c̃h1,g + GF T h = U h ch0 , c̃h1 ∀h ∈ g,

GF T g is always weakly positive and reaches a minimum with respect to π0 at π0 = π0g .
Proof: Equation (12) implies that:
ω0g

Hg 1
1
1
π0g
g
=
−
πω
−
ln
ω ′ Σω.
g
g
1 + π0 A
π0 π0
(1 + π0 )2A

(16)

By the budget constraint and equation (16):
T D0g = cg0 − y0g = −π0 ω0g − π g ω g ,
which yields equation (13). The solution for T D1g is somewhat more involved. Under
autarky, total consumption equals total income, so equation (9) implies that:
X Ah

1
π0g
g
g
g
h
E (e
y1 ) = y0 + (1/H )
var e
c1,g − h ln h .
(17)
2
A
δ
h∈g
When a country trades internationally, equation (9) implies that:
X Ah

1
π0
E (e
cg1 ) = y0g + T D0g + (1/H g )
var e
ch1 − h ln h .
2
A
δ
h∈g

(18)

Subtracting equation (17) from equation (18) and using equation (12) yields T D1g .
To calculate the gains from trade, we use equation (3) to show that:
 −1
 −1
−1
U (C) = h exp −Ah ch0 + E h exp −Ah ch1 = h (1 + π0 ) exp −Ah ch0 .
A
A
A

g
−1
−1
h
h h
Now, we solve: A
ch0,g + GF T h = A
h (1 + π0 ) exp −A
h (1 + π0 ) exp −A c0 to get
 g
1+π
GF T h = ch0 − ch0,g + A1h ln 1+π00 for any individual h. Summing across individuals,
we get our solution.

4.1

Markets that enable risk-sharing across countries

We now focus on countries that differ only with respect to Pg , the vector of autarky
excess returns on risky assets. Without loss of generality, assume that π0g = π0 for all
g. We can then re-write equations (13) and (14) as:
Ag
ω g′ Σω g ,
2(1 + π0 )
1
= T D0g + (P′ + Pg′ ) ω g .
2

T D0g =

(19)

T D1g

(20)
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We explicate these equations in three steps. First, we show three equivalent interpretations of equation (19), the period-zero trade balance. Second, we use equation (20)
to explain what happens to the trade balance in period one. In the first two steps,
we take the global price as given, so one can think of this as analysis of a small, open
economy. And third, we construct a simple general-equilibrium example, illustrating
how incomplete markets induce trade imbalances.
We can interpret the period-zero trade-balance equation (equation (19)) in three
equivalent ways. For simplicity, assume there is a single risky asset with unit variance.
Then equation (19) and Proposition 1 imply that:
T D0g =

Ag
(p − pg )2 .
2(1 + π0 )

According to the first-order conditions of the household optimization problem, p =
Ag cov (c̃g1 , x̃) and, according to Proposition 1, pg = Ag cov (ỹ1g , x̃). Thus:
T D0g =

2
Ag
cov (c̃g1 , x̃) − cov (ỹ1g , x̃) .
2(1 + π0 )

So, the first interpretation of equation (19) tells us that the trade deficit increases
if households change their exposure to asset x̃ when international trade is allowed,
regardless of the sign of the change.
To understand why the trade deficit is always positive when π0g = π0 , we turn to
our second interpretation of equation (19). If we expand the quadratic and use the
equilibrium autarky pricing relation in Proposition 1 we get:
 2

Ag
p
g
g
g 2
g
T D0 =
+ A (β ) − pβ .
(21)
2(1 + π0 ) 2Ag
The first term in equation (21) measures the effect on national wealth of investing in
an asset with an excess return different from zero – if the excess return is positive,
investors invest positive amounts; if it is negative, they invest negative amounts.
Either way, excess returns allow a country to consume more in both periods, leading
to a higher trade deficit in period zero. The second term measures the hedging benefit
of risky assets. If national income is positively correlated with a particular risky
asset, then a country can reduce the variance of consumption, in turn reducing the
precautionary saving motive and thus increasing period-zero consumption. Finally,
the third term measures the cost of hedging national-income risk. Households in a
country can unload national income risk by shorting a risky asset correlated with it.
But if the excess return on this asset is positive, such hedging will force a country to
consume less in each period. Equation (19) implies that the sum of these three effects
must always be positive.
11

Finally, we exploit the fact that in international trade equilibrium p = Aβ to
generate a third interpretation of equation (19). Specifically, since β = cov (ỹ1 , x̃):
T D0g =

Ag
cov (Aỹ1 − Ag ỹ1g , x̃)2 = var (Aŷ1 − Ag ŷ1g ) .
2(1 + π0 )

(22)

where a hat (ˆ·) denotes the expectation of that variable conditional on the set of risky
assets, that is,
ŷ1g = E (ỹ1g |x) .
Thus the trade deficit is proportional the variance of the difference between the projection of national income into the span of traded assets and the projection of world
income into the span of traded assets, adjusted for risk aversion. Corollary 1 proves
the above result for the multi-asset case.
We now consider the trade deficit in period one. The first-order condition with
respect to the riskless asset implies that:
E (e
cg1 ) − cg0 = (1/H g )

X Ah

(23)

X Ah

(24)

h∈g

Autarky equilibrium implies that:
E (e
y1g ) − y0g = (1/H g )

h∈g


1
π0
var e
ch1 − g ln g .
2
A
δ


1
πg
var e
ch1,g − g ln g0
2
A
δ

Subtracting equation (24) from equation (23), using π0 = π0g and the definition of the
trade deficit yields:
T D1g = T D0g +



1 X Ah 
var c̃h1 − var c̃h1,g .
g
H h∈g 2

The trade balance grows over time if the variance of consumption in international
trade exceeds the autarky variance of consumption. How does international trade in
assets affect the variance of consumption? Equation (12) tells us that:
g

 1 ′
1 X Ah 
h
h
g′ ω
var
c̃
−
var
c̃
=
(P
+
P
)
.
1
1,g
H g h∈g 2
2
Hg

(25)

Two equivalent interpretations of equation (25) yield insights. First, equation (25)
tells us that if a country uses the risky asset to increase exposure (that is, if ω g > 0),
then the variance of consumption will go up and so will the trade deficit. Similarly, if
a country uses the risky asset to reduce exposure (that is, if ω g < 0), then the variance
of consumption will go down and so will the trade deficit. Thus, all else being equal, a
12

country that takes a positive position in a risky asset will see an increase in its periodone trade deficit, and a country that takes a negative position will see a reduction in
its period-one trade deficit. So, in contrast to period zero, in period one, the sign of
holdings in the risky asset affects the direction of trade in goods.
Second, we can again use our equilibrium autarky and international pricing relations to re-write equation (25):



1 X Ah 
1 
var c̃h1 − var c̃h1,g =
var (ŷ1 ) − var (ŷ1g ) .
g
h
H h∈g 2
2A

(26)

Equation (26) implies that if the variance of the portion of world income spanned by
assets exceeds the variance of the portion of national income spanned by assets, the
trade deficit goes up. We can use a common statistic from regression analysis to help
with our analysis here. For a household income ỹ1h , let

var ŷ1h
2
.
Rh =
(27)
var ỹ1h

Rh2 measures how much of the variance of income a household can eliminate through
risky assets and is analogous to the R2 statistic in an OLS regression. Rg2 and R2
are similarly defined for national income and world income, respectively. Suppose
var (ỹ1 ) = var (ỹ1g ); then, we can use R2 to re-write equation (26) as:
 2



1 X Ah 
1
2
h
h
var
(ỹ
)
R
−
R
var
c̃
−
var
c̃
=
1
g .
1
1,g
H g h∈g 2
2Ah

(28)

Higher Rg2 leads to lower consumption variance and thus to a lower trade deficit in
period one.
It is important to note that a country can run a trade deficit in period zero and
an expected trade deficit in period one. How can this apparent violation of budget
balance take place? Risky assets. Suppose the risky asset pays 10 percent return and
the riskless asset pays only five percent. If a country borrows a dollar and invests 95
cents in the risky asset, consumption exceeds income by 5 cents. And, in expectations,
the risky asset pays off 0.95 × 1.15 = 1.094 dollars next year, which exceeds debt,
which is worth 1.00×1.05 = 1.05. Thus consumption, in expectations, exceeds income
by 4.4 cents next year as well.
Corollary 1 (Small open economy) Trade deficit in period zero is increasing in

var Aŷ1 − Ag ŷ1g .
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Proof: By Proposition 1: ω g′ Σω g = var (ω ′ x̃) = (Ag )2 var Aŷ1 − Ag ŷ1g .

We now consider a simple general equilibrium example that illustrates several
of the key concepts of this section. Consider two equally sized countries, a and b.
Assume that π0a = π0b , Aa = Ab , and that var (ỹ1a ) = var (ỹ1a ). Suppose that there is
a single risky asset and that β a > β b . What can we say about the trade balance?
Suppose there are no risky assets. Then, Proposition 3 implies that T D0a = T D0b . In
international trade equilibrium, both countries cannot run trade deficits, so neither
can and trade is balanced. Since the riskless asset is the only asset traded, no trade
deficit in period zero implies balanced trade in period one. Suppose, alternatively,
that there are complete markets, in the sense that ỹ1g = ŷ1g for both countries. By
Proposition 3 and equation (22)
T D0a = T D0b =


Ag
Hg
π0
var ỹ1a − ỹ1b + π0
ln a .
a
2(1 + π0 )
(1 + π0 )A
π0

Thus, trade must be balanced in period zero. And var (ỹ1a ) = var (ỹ1a ) implies that
var (ŷ1 ) − var (ŷ1g ) must be the same for both countries; thus by equation (26), the
trade deficits for both countries are the same in period one, implying that period-one
trade must be balanced. Thus, we have shown that in the two standard cases, the
assumptions of no risky assets and complete markets imply balanced trade.
When risky financial markets are incomplete, however, trade balances arise. Proposition 1 implies that
pa > p > p b .
Thus, country a goes short the risky asset and country b goes long. By Proposition
3, both countries run the same trade deficit, implying that neither country can run
a trade deficit. But, as we explained above, since country a takes a long position,
consumption variance and consequently consumption growth increases. Conversely,
country b takes a short position, which reduces consumption growth. Country a thus
runs a trade deficit in period one.
The fact that country a runs a trade deficit in one period and no trade surplus in
the other suggests that country a is getting the better deal from international trade.
But equation (15) shows that this is not the case. The gains from trade are equal for
both countries. Country b gains from the reduction in the variance of consumption in
period one. Country a gains from the increase in the level of consumption in period
one.
Corollary 2 (General equilibrium) Consider a world with two countries a and b. Suppose
that π0a = π0b , and Aa = Ab . If markets are complete or if there are no risky assets, then
14

trade is always balanced. If risky financial markets exist but are incomplete, then trade is
balanced in period zero, gains from trade are equally shared, and:
T D1a T 0
if and only if:

and if var (ỹ1a ) = var ỹ1b ,


var (ŷ1a ) S var ŷ1b ,
Ra2 S Rb2 .

Proof: Follows from Proposition 3. The assumption that π0a = π0b and the fact that
ω a = −ω b guarantee that T D0a = T D0b = 0 and that there are equal gains from trade.
′
Since P′ Σ−1 P = var (Aŷ1 ) and Pg Σ−1 Pg = var (Ag ŷ1g ),
T D1g = T D0g +


1 
g g
var
(Aŷ
)
−
var
(A
ŷ
)
.
1
1
Ag

If markets are complete, var (Ag ŷ1g ) = var (Aŷ1 ) for both g, and trade is balanced in
period one. If there are no risky assets, var (Ag ŷ1g ) = 0 for both countries, and trade

is also balanced in period one. If wlog, var (Ag ŷ1a ) > var Ag ŷ1b , then T D1a < T D1b ,

and since T D1a = −T D1b , T D1a < 0. If var (ỹ1a) = var ỹ1b ,

var (ŷ1a ) S var ŷ1b ⇔ Ra2 S Rb2 .

4.2

Markets that enable risk-sharing within countries

We now focus on countries for which autarky excess returns equal global excess returns. By Proposition 3, such countries do not trade risky assets internationally. But
households may still trade risky assets domestically. We show in this section that the
extent of such trade affects the trade balance.
Formally, we assume that Pg = P. By Proposition 3,
Hg
π0
ln g , and
g
(1 + π0 )A
π0
g
H
1
π0
= = T D0g − g ln g = − T D0g .
A
π0
π0

T D0g = π0

(29)

T D1g

(30)

So, if autarky prices of risky assets equal global prices, the sign and size of the trade
balance in period zero depends on the autarky price of the riskless asset. Lower
prices for the riskless asset lead to higher trade deficits. In Section 3, we identified
15

four quantities that determine the autarky price of the riskless asset: national income
growth; the subjective discount factor; absolute risk aversion; and the weighted sum
of the variances. We now assume that the first three are the same, and, as promised,
focus on the fourth. In other words, we now focus on:

1 X Ah
Vg = g
var c̃h1,g .
H h∈g 2

The autarky price of the riskless asset is increasing in, and the trade deficit is decreasing in, V g . We analyze the effect of V g on the trade balance in three steps. We first
decompose V g into two components. Next, we show how differences in the nature of
financial markets lead to differences in V g and differences in trade deficits. As before,
in these first two steps, we take global prices as given and analyze a small, open economy. Finally, we construct a general equilibrium model and show how incomplete
markets lead to trade imbalances.
We now show how to decompose V g into an idiosyncratic and an aggregate risk
component. For simplicity, we start by considering an economy with a single risky
asset with unit variance. By equation (11),


var c̃h1 = var ỹ1h − ŷ1h + (A1h )2 (pg )2 .
Multiplying by Ah and summing across households yields:

1 X h
Vg = g
A var ỹ1h − ŷ1h + A1g (pg )2 .
H h∈g
|
{z
}

(31)

Non-marketed risk

The first term on the right-hand side of equation (31) measures income risk that
households cannot trade on markets – what we will call “non-marketed risk.”
How do differences in financial markets lead to differences in V g ? By assumption,
p = pg for all countries. So any differences in trade balances result from differences in
non-marketed risk. Higher non-marketed risk leads to a higher price for the riskless
asset and thus to lower trade deficits. Corollary 3 generalizes this argument to the
multi-asset case and shows that the more assets that are traded in a country, the
bigger a trade deficit that country will run.
Corollary 3 (Small open economy) Trade deficit in period zero is decreasing and trade
deficit is period one is increasing in
X

Ah var ỹ1h − ŷ1h .
h∈g

All else being equal, if the assets traded in country a are a superset of the assets traded
in country b, then country a runs a bigger trade deficit.
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Proof: Equation (11) implies that:


1 X Ah
1 X Ah
h
h
h
g
g ′ −1 g
var
c̃
=
var
ỹ
−
ŷ
+
(1/2A
)
P
Σ P .
1,g
1
1
H g h∈g 2
H g h∈g 2


P
h
Holding Pg and all else constant, H1g h∈g A2 var c̃h1,g and therefore π0g are increasing

P
functions of h∈g Ah var ỹ1h − ŷ1h . Higher π0g leads to a lower trade deficit in period
0 and a higher trade deficit in period 1. Elul (1997) first showed that more assets
imply a lower price for the riskless asset in this model. Our proof follows Willen
(forthcoming). Note that the optimal portfolio holdings defined in Proposition 1 are
the solution to the problem:
min

{ω0h ,ωh }h∈g


1 X Ah
h
var
c̃
1,g ,
H g h∈g 2

st c̃h1 = ỹ1h + ω h + ω h x̃.
Adding an asset weakly relaxes the constraint, which reduces the price of the riskless
asset and increases the trade deficit.
How do financial markets affect the quantity of non-marketed risk in an economy?
All else being equal, countries with more-complete markets have less non-marketed
risk. We use R2 , as defined in equation (27), to measure market incompleteness. We
can re-write equation (31) as follows:
Vg =



1 X h
2
h
A
1
−
R
var
ỹ
+
h
1
Hg

1
(pg )2 .
Ag

(32)

h∈g

Equation (32) identifies differences in trade balances across countries. First, all else
being equal, a country in which household Rh2 ’s are uniformly higher will run a higher
trade deficit. Second, suppose that each household has the same variance of income
and the same risk aversion. Then, higher average Rh2 leads to higher trade deficits.
Finally, suppose that both countries are identical, but in one country, available risky
assets are a superset of the assets available in another country. In a regression, the
presence of more regressors necessarily implies a higher R2 . Similarly, more assets
imply higher Rh2 ’s. Thus, more assets, all else being equal, imply higher trade deficits.
We now show that if a world is populated by just two countries, then differences in
market completeness across countries yield trade imbalances. Consider two countries,
a and b. Assume that p = pa = pb = 0, that income growth equals zero, that
δ a = δ b = 1, Ah = A for all h, that there are the same number of households in both
countries, that corresponding households have the same variance of income, and that
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the variance of aggregate income is the same in both countries. Equation (8) implies
that

1 XA
var ỹ1h − ŷ1h and
H h∈a 2

1 XA
= exp
var ỹ1h − ŷ1h .
H h∈b 2

π0a = exp
π0b


If markets are complete within countries, then var ch1 = 0 for all households and
π0a = π0b and π0 = π0a = π0b is an equilibrium in which trade is balanced. If there


are no risky financial markets in either country, var ch1 = var y1h for all households
and π0a = π0b and π0 = π0a = π0b is again an equilibrium in which trade is balanced.
Only if there are differences in market incompleteness will trade deficits emerge in
this economy.
Corollary 4 extends the above argument that countries with more-complete markets run trade deficits with countries with less-complete markets to the more general
case where there are many risky assets and autarky excess returns do not necessarily
equal zero.
Corollary 4 (General equilibrium) Consider a world with two countries, a and b. Suppose

that Pa = Pb , Aa = Ab , δ a = δ b , and E (ỹ1a ) −y0a = E ỹ1b −y0b . If markets are complete,
then trade is always balanced.

1. Suppose Ah = A and var y1h = V for all h. If there are no risky financial markets,
then trade is balanced. If markets are incomplete
T D0a T 0 ⇔ T D0a S 0 ⇔

1 X 2
1 X 2
Rh T
Rh .
H
H
h∈a

h∈b

2. Consider a world with two countries, a and b, identical in every respect except that
the household portfolio choice menu in country a is a superset of the portfolio choice
menu in country b. Then, country a runs a trade deficit with country b in period 0
and a surplus in period 1.

Proof: If markets are complete, equation (12) implies that var ỹ1h − ŷ1h = 0 for all
h, so

1 X Ah
′
var c̃h1,g = (1/2Ag ) Pg Σ−1 Pg .
(33)
g
H
2
h∈g

Thus, under the maintained assumption, autarky prices of the risky asset must be

the same in both countries, and trade is balanced. If Ah = A and var y1h = V ,
18


var ỹ1h − ŷ1h = (1 − Rh2 )V , and


1 X Ah
var c̃h1,g = A · V · 1 −
g
H h∈g 2

1
Hg

X
h∈b


′
Rh2 + (1/2Ag ) Pg Σ−1 Pg .

Higher average R2 implies a lower autarky price and thus a higher trade deficit. Since
both countries can’t run a trade deficit, the country with the higher trade deficit runs
a trade deficit and the county with the lower trade deficit runs a surplus. Part 2
follows directly from Corollary 3.

5

Conclusions

We have shown that incomplete markets can generate trade imbalances. In the conclusion, we briefly discuss some limitations of our approach, and the potential empirical
relevance of the paper.
Our analytical approach, a two-period, exponential-normal model, has obvious
limitations. As a two-period model, the model misses many interesting interactions
between market incompleteness and dynamics. In particular, in a multi-period model,
households can self-insure, reducing the need for risky asset markets. However, this
limitation is not very costly. Households cannot self-insure against permanent shocks,
and empirical evidence suggests that permanent shocks are significant at both the
household and the aggregate level. For a treatment of this model in a dynamic context,
see Davis, Nalewaik, and Willen (2001). Thus, the two-period nature of the model
is not a major drawback, but exponential utility and normal returns potentially are.
For example, exponential utility and normal returns guarantee that an additional
asset lowers the autarky price of the riskless asset. While this is typically true in
incomplete market models, Elul (1997) shows that it is generically possible to find
a new asset that arbitrarily perturbs the riskless rate in an arbitrary model without
exponential utility and normal returns. Thus, we can extrapolate from Elul’s work
that, although the results in this paper typically hold in more general setups, we can
certainly find situations in which they don’t.
Is the phenomenon of incomplete-market-induced trade imbalances empirically
relevant? The results of Section 4.2 show that countries with more-complete markets
run trade deficits with countries with less-complete markets. One might argue that
the United States, with the most sophisticated capital markets in the world, has
more complete markets than any other country. Thus, the fact that the United
States also runs large trade deficits is consistent with the theory. On the other hand,
the results of Section 4.1 predict that the more national income is spanned by risky
19

assets, the smaller a country’s trade deficits with the rest of the world. Research
on the covariance of national income with various financial assets has only scratched
the surface (See Bottazzi, Pesenti and van Wincoop (1996) and Davis, Nalewaik and
Willen (2001)), and thus the issue remains an open question.
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